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Motivation

Low-energy phase fluctuationsin fluid
obey same evolution equations asmassless
scalar fieldin a certain curved spacetime

Universal features of quantum effects
(e.g., adiabatic theorem)

Bose-Einstein condensates

i∂tΨ̂ =

[

−∇
2

2
+ Vext + gΨ̂†Ψ̂

]

Ψ̂

T ց
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Simple experiment: Tuneg(t) over huge range
Measure density-density correlations
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Adiabatic Theorem

Ψ1

∆E

Ψ2
E

t

2 states|Ψ1〉 and|Ψ2〉
with time-dependent gap∆E(t)

Adiabatic if∆E ≫ 1/text

Else: transitions, excitations
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Adiabatic Theorem

Ψ1

∆E Ψ2

E

t

2 states|Ψ1〉 and|Ψ2〉
with time-dependent gap∆E(t)

Adiabatic if∆E ≫ 1/text

Else: transitions, excitations

E.g.,|Ψ1〉 = |0〉, |Ψ2〉 = |k,−k〉
Scalar field in expanding spacetime, e.g., de Sittera = eHt

rs Physical wavelength growsλphys = a(t)λcomoving

rs Nonadiabatic evolution whenλphys ' 1/H
[

∂2

∂t2
+ 3H

∂

∂t
− ∇

2

a2

]

φ̂ = 0
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Effective Spacetime

Split field operator̂Ψ = Ψ0 + δΨ̂ into modulus and phase

Ψ0 = eiΦ0
√
̺0 , δψ̂ = Ψ0

(

δ ˆ̺

2̺0
+ iδΦ̂

)
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Bernoulli and continuity equations for backgroundv0 = ∇Φ0

Equation of state∇p = ̺0∇[Vext − (∇2√̺0)/2
√
̺0 + g̺0]

If [∇2√̺0]/
√
̺0 negligible:effective space-time

∂µ

√−ggµν∂νδΦ̂ = 0 , gµν =
1

ADc2s

(

c2s − v
2
0 vi

0

vj
0 −δij

)

with sound velocity and prefactor
c2s = g̺0 , AD = (cs/g)

2/(D−1)
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Simulate aspects of cosmic quantum effects

Apply concepts from general relativity
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Effective Spacetime

Split field operator̂Ψ = Ψ0 + δΨ̂ into modulus and phase
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If [∇2√̺0]/
√
̺0 negligible:effective space-time
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√−ggµν∂νδΦ̂ = 0 , gµν =
1

ADc2s

(

c2s − v
2
0 vi

0

vj
0 −δij

)

In experiments usually external confinement
i.e., discrete excitation spectrum

Background motion?
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Background motion

Field equation for background with harmonic trap

i∂tΨ0 =

[

−∇
2

2
+
ω2(t)r2

2
+ g(t)|Ψ0|2

]

Ψ0

Transformation to (almost)comoving coordinates
x = r/b(t) andψ0 = eiΦΨ0/b

D/2

ib2(t)∂tψ0 =

[

−∇
2
x

2
+ f 2(t)

(

x
2

2
+ g0|ψ0|2

)]

ψ0

with f 2(t) = b3
∂2

∂t2
b+ b4ω2(t) =

g(t)

g0
b2−D

Most of background motion contained inf 2(t)
small density ripples near surface of condensate
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+ g0|ψ0|2

)]

ψ0

with f 2(t) = b3
∂2

∂t2
b+ b4ω2(t) =

g(t)

g0
b2−D

Most of background motion contained inf 2(t)
small density ripples near surface of condensate

Note[∇2
x

√
̺0]/

√
̺0 needs to be small for effective spacetime
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Quantum fluctuations

Self-adjoint operators

χ̂+ = e−iΦ0δψ̂ + eiΦ0δψ̂† =
δ ˆ̺√
̺0

χ̂− =
1

2i

(

e−iΦ0δψ̂ − eiΦ0δψ̂
)

=
√
̺0δφ̂
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Quantum fluctuations

Self-adjoint operators

χ̂+ = e−iΦ0δψ̂ + eiΦ0δψ̂† =
δ ˆ̺√
̺0

χ̂− =
1

2i

(

e−iΦ0δψ̂ − eiΦ0δψ̂
)

=
√
̺0δφ̂

Initial eigenmode expansionχ̂± = h±n (x; t0)X̂
±
n (t)

with duality
∫

h+
n (x)h−m(x) = δnm

Evolution equations

b2
∂

∂t
X̂−

n = −1

2
Anm(t)X̂+

m − Vnm(t)X̂−
m

b2
∂

∂t
X̂+

n = 2Bnm(t)X̂−
m + Vnm(t)X̂+

m
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Initial eigenmode expansionχ̂± = h±n (x; t0)X̂
±
n (t)

with duality
∫

h+
n (x)h−m(x) = δnm

Evolution equations are diagonal att0 (whenVnm = 0)

b2
∂

∂t
X̂−

n = −1

2
Anm(t)X̂+

m − Vnm(t)X̂−
m

t=t0= −1

2
AnX̂

+
n

b2
∂

∂t
X̂+

n = 2Bnm(t)X̂−
m + Vnm(t)X̂+

m
t=t0= 2BnX̂

−
n
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Coupling matrices

Anm =

∫

h+
n

(

−∇
2
x

2
+ 2f 2g0̺0 +

∇
2
x

√
̺0

2
√
̺0

)

h+
m

Bnm =

∫

h−n

(

−∇
2
x

2
+

∇
2
x
√
̺0

2
√
̺0

)

h−m

Vnm =

∫

h+
n

[

v0∇x +
∇xv0

2

]

h−m

Decoupling of modesn andm if
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Decoupling of modesn andm if

First integral dominated byf 2g0̺0

Time-dependence of̺0 must separate in support of modes
⇒ Centre of the trap and low energies

Background motion described byf 2(t)
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Thomas-Fermi approximation

Evolution equation for low modes (χ̂− =
√
̺0δφ̂, dτ = dt/b2)

[

∂2

∂τ 2
− 2

∂ ln f

∂τ

∂

∂τ
+ f 2AnBn

]

δφ̂n = 0

Same as for a (massless)scalar field modein a (flat)
Friedmann-Robertson-Walker-Lemaître spacetime
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Thomas-Fermi approximation

Evolution equation for low modes (χ̂− =
√
̺0δφ̂, dτ = dt/b2)

[

∂2

∂τ 2
− 2

∂ ln f

∂τ

∂

∂τ
+ f 2AnBn

]

δφ̂n = 0

Same as for a (massless)scalar field modein a (flat)
Friedmann-Robertson-Walker-Lemaître spacetime

Problem: timeτ andnot laboratory timet
Faster than exponential sweep ofg(t) required in static trap

(Static) Thomas-Fermi profile Sound velocity

µ0 =
ω2

r
2

2
+ g̺0 , c2s = g̺0

Comparison r2
TF =

2

ω2
c2s(r = 0)
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Exponential sweep,g = ω = e−2γt, γ = 0.1

0 25 50 100 125 150t
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

N
n

n = 0
n = 1
n = 2
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Summary and conclusions

Universal features of quantum effects
Adiabatic theorem

Quantum fluctuations in trapped
Bose-Einstein condensate

Effective spacetime for low-lying
excitationsΩn ≪ µ0

Intermode coupling forΩn ' O(µ0)

For realistic variationsg(t):
Need to change trap frequencyω(t) as

well or adiabaticity not violated
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