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Overview

¥ Killing the question
¥ ModiÞed gravity vs. dark energy vs. Lambda

¥ inherent ambiguities
¥ f(R)
¥ coupled models 

¥ A better set of questions
¥ Tests of the equivalence principle
¥ Growth vs. Geometry

¥ Wrap-up.
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Dark Energy - Theory

Evolution of the universe governed by Einstein eqns

Parameterize different types of 
matter by equations of state:

pi=wi! i

When evolution dominated by type i, obtain

(wi "  -1)

H2 !
!

úa
a

" 2

! "

a(t) ! t2/ 3(1+ wi ) ! (a) " a! 3(1+ wi )

ä
a

! ! (" + 3p)

So, accelerating expansion means 
! ! ! p<-! /3 or w<-1/3
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Data on w
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Are we Being Fooled by Gravity?

We donÕt really measure w - we infer it from the Hubble
 plot via

Maybe, if gravity is modiÞed, can infer value not directly
related to energy sources (or perhaps without them!)

we f f = !
1

1 ! ! m

!
1+

2
3

Ḣ
H2

"

One example - Brans-Dicke theories

# >40000  (Signal timing measurements from Cassini) 
We showed that (with difÞculty) can measure w<-1, 
even though no energy conditions are violated.

SBD =
Z

d4x
!

" g
!
! R"

"
!

(#µ! ) #µ! " 2V(! )
"

+
Z

d4x
!

" gLm($ i,g)

(Carroll, De Felice & M.T., Phys.Rev. D71: 023525 (2005) [astro-ph/0408081])
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How Might We Modify Gravity?
Write an Lagrangian - a scalar involving the object        and its derivatives. 
What might this look like?

What are the propagating degrees of freedom? A Þrst step is to identify the 
degrees of freedom in      gµ!
Answer: turns out there are scalars and vectors as well ashµ!

How come we donÕt see all these in GR? - Depends on the action!

The equations of motion arising from the Einstein-Hilbert action yield
constraints, which make everything except        non-dynamical!hµ!

Almost any other action will free up some of the other degrees of freedom. 
These can yield new problems.

As weÕll see, these are typically no different than if one had begun with a scalar 
tensor theory!
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Issues with new d.o.f.
A number of different problems can arise with these new degrees of freedom.

First: Geodesics within the solar system can be appreciably altered

Best tests are from timing delays of signals from
distant spacecraft.
Particularly the Cassini mission.

Second: They can lead to instabilities because they are ghost-like (have the 
             wrong sign kinetic terms.

These would lead, among other things, to the decay
of the vacuum on a microscopic timescale

(Carroll, Hoffman & M.T., Phys.Rev. D68: 023509 (2003) [astro-ph/0301273])

Third: They can lead to singularities and inconsistencies due to new nonlinear 
          physics
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One Boring Example
(Carroll, Duvvuri, M.T. & Turner, Phys.Rev. D70: 043528 (2004) [astro-ph/0306438])

Consider modifying the Einstein-Hilbert action

S=
M2

P

2

Z
d4x

!
" g f(R)+

Z
d4x

!
" gLm

Designer f(R):  Þx the expansion history

Solve Friedmann eq. as a second order differential equation for f(R)

y !
f (R)
H 2

0

( weff (a) )

y!! !
!

1 +
E !

2E
+

R!!

R!

"
y! +

E !

2E
y =

E !

2E
Eef f

There is a family of f(R) for each expansion history

E !
H 2

H 2
0

= ! m a! 3 + ! r a! 4 +
! ef f

! cr

[Thanks to A. Silvestri]
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1. 

2. 

3. 

f R R > 0

1 + f R > 0

f R < 0 negative, monotonically increasing function of R 
that asymptotes to zero from below

to have a stable high-curvature regime, to have a 
non-tachyonic scalar Þeld

wef f ! " 1

4. must be small at recent epochs to pass LGC|f 0
R | ! 10! 6

(Hu and Sawicki Phys.Rev.D76 064004(2007))

to have a positive effective Newton constant

Background Viability

[Thanks to A. Silvestri]
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The Secret Scalar
Can transform to an Einstein frame

In the ``tildeÕdÓ frame, this becomes a theory of Einstein 
gravity, minimally coupled to a scalar Þeld, with a potential and 
which is nonminimally coupled to matter. 

÷gµ! = p(" )gµ!

÷H2 =
1

3M2
P

!
! " + ÷! M

"

! !! + 3 ÷H! ! +
dV
d!

(! ) "
(1" 3w)

#
6

÷" M = 0 ÷ρM =
C

÷a3(1+ w)
exp

!
!

(1! 3w)
"

6

φ
MP

"

! " =
1
2

" !2 + V(" )

Potential determined by choice of f(R)

Have freed up precisely one of those new degrees of 
freedom we talked about.
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f(R) doesnÕt simultaneously give small scale agreement with galaxy matter 
power spectrum and large scale agreement with the CMB. 

Matter power spectrum: $CDM (full black); two f(R) models for same normalization (red dashed) and 
normalized to give small scale agreement (red dot-dashed). Data points are SDSS data

(Bean, Bernat, Pogosian, Silvestri & M.T., Phys.Rev. D75: 064020 (2007) [ arXiv:astro-ph/0611321])

But Look at Measures of Growth
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More General Actions

S=
M2

p

2

Z
d4x

!
" g[R+ f (R,P,Q)]+

Z
d4x

!
" gLmatter

P ! Rµ! Rµ!

Q ! Rµ!"# Rµ!"#

(Carroll, De Felice, Duvvuri, Easson, M.T. & Turner, Phys.Rev. D71:  063513 (2005) [arXiv:astro-ph/0410031])

Solar system OK if c != 0
(Navarro and van Acoleyen [gr-qc/0506096])

What about ghosts?
Navarro and van Acoleyen have shown that, around the
(unstable) de Sitter solution, there are no ghosts for 

b = ! 4c
It turns out that the situation is more subtle in general.
Typically there are ghosts or superluminally-propagating
degrees of freedom around accelerating solutions

(Navarro and van Acoleyen [gr-qc/0511045])

(De Felice, Hindmarsh and M.T., JCAP 0608:005, (2006)  [astro-ph/0604154])

f (R,P,Q) ! (aR2 + bP+ cQ)! 1e.g.
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Interactions Between the Sectors

Dark
Matter

Dark
Energy

Ordinary
Matter

Tidal Streams, cluster
collision dynamics, galactic 
halo proÞles, ACBAR, ...

WMAP haze?
511 keV emission, ...

Mass-varying neutrinos,
brane-worlds, coincidence 
problem, ...

Rotation of radio 
light, ...
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Dark Couplings
Consider writing a general action as

S= S[gab, ! , " j ] =
Z

d4x
!

" g
!

1
2

M2
pR"

1
2

(#! )2 " V(! )
"

+ $
j

Sj [e2%j (! )gab, " j ]

! j (" ) = ! (" )WeÕll focus just on DM/DE couplings here

Note: If couplings are all the same, system can be described as 
modiÞed gravity (e.g. f(R) models)

(Carroll, Duvvuri, M.T. & Turner, Phys.Rev. D70: 043528 (2004) [astro-ph/0306438])

S=
M2

P

2

Z
d4x

!
" g f(R)+

Z
d4x

!
" gLm

Turns out that in one regime there is a simple set of constraints
Bean, Flanagan and M.T., New J. Phys. 10: 033006,2008 [arxiv:0709.1124] (2008), 
                                     Phys.Rev. D78 : 023009,2008 [arxiv:0709.1128] (2008)
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The Adiabatic Regime
Interested in a particular regime:

DE Þeld adiabatically tracks minimum of effective potential

V!
e f f(! ) = V!(! ) + " !(! )e" (! )# = 0

DeÞne background solution          by! m(" )

V(! ) e! (" )#

M2
plGab = [( ! e f f + pe f f)uaub + pe f fgab] ! e f f(! ) = e" [#m(! )] ! + V[#m(! )]

pe f f(! ) = ! V[" m(! )]

So effective equations of motion
are now
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The Adiabatic Instability
Whether the instability is gravitational or not depends on you point 
of view!

The Hydrodynamic Viewpoint
The adiabatic sound speed is then given by

1
c2

a
=

d! e f f

d pe f f
=

d! e f f / d"
d pe f f / d"

=
d

d"

!
V ! dV

d"

"

d
d" [! V ]

= ! 1+
d2V
d" 2

dV
d"

c2
s(k,a) !

! P(k,a)
!" (k,a)

" c2
a Instability if            occurs ifc2

s < 0 c2
a < 0

The Jeans Viewpoint

Effective Newton's constant for 
self interaction of dark matter

Gcc = G

!

" 1+
22α!(φ)2

1+
m2

e f f
k2

#

$

Tensor Scalar
Leads to exponential Jeans instability!
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A New Set of Questions 1
At the level of cosmology - we donÕt currently know how to 
ask questions like ÒmodiÞed gravity or dark energy?Ó

The way forward seems to focus on sets of observables 
that may guide us to a class of models that we may 
ultimately be able to embed into more fundamental 
theories.

¥ String theory is currently of little help
¥ Obviously important to get background expansion right. 
   This is also extremely easy!
¥ much harder is to keep geometrical quantities, like the 
  distance to the surface of last scattering, constant, while 
  getting structure formation - measures of growth correct.
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Beyond the Expansion History

¥ Many models are testable in this way
¥ As a result they are highly constrained already!
¥ This is progress.
¥ One hope for the future is that careful cross-correlations
   between geometric measures (expansion history - CMB)
   and measures of growth will lead to either a detection of
   an intriguing effect, or a ruling out of all proposed ideas.
¥ But considerations of the microphysics of ideas are also 
   extremely important ...
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in standard GR : ! (a, k) = 1

µ(a, k) = 1

slip between Newtonian potentials:! (a, k) ≡ !
"

effective Newton constant:G ! G áµ(a, k)

One idea: See LevonÕs talk

Pogosian, Silvestri, Zhao, 
Bertschinger, Zukin, ...

For a given class of models these can be parametrized 
and then Þt to the data - deviations characterize either 
modiÞed gravity or nontrivial couplings - depending on 
your taste.
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A New Set of Questions I1

Common to many models - scalar tensor theories, 
chameleons, coupled models, ...

¥ Departures from the equivalence principle
¥ May manifest itself in different ways depending on the 
   model.
¥Example is interesting work by Kamionkowski and 
  Kesden using tidal streams.
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This is Very Topical!
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Summary
May people have been interested in modifying gravity to explain 
cosmic acceleration

But at the level of cosmology distinctions seem inherently 
ambiguous, and the question may not be the right one to make 
progress. 

Much focus has been of modiÞed gravity vs. dark energy vs. ...

Thank You!

Focusing on the right observables to nail down classes of models, 
no matter what one calls them, may help us

One direction is to pursue careful cross-correlations between 
geometric measures (expansion history - CMB) and measures of 
growth

Another is to push hard on probes of equivalence principle 
violations. There are surely more!
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Backup Slides

Backup Slides
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f(R)
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DGP Braneworlds
(Dvali, Gabadadze & Porrati; Deffayet)

¥ Gravity Òleaks into extra dimensions at large scales,
  leading to additional dimming of supernovae
¥ Seems to have its own ghost problems to be tackled
¥ Lue and Starkman: close to being tested from
  anomalous precession of perihelion (Mars) and from
  future lunar ranging experiments.

S =
M2
P

2rc

Z
d5x

!
" G R(5) +

M2
P

2

Z
d4x

!
" g R

ÒFriedmannÓ equation (crossover scale rc)

H2 =
8! G

3
" matter+

1
rc

!
1
r2
c

+
32! G

3
" matter+

1
2r2

c
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An Idea: ModiÞed Source Gravity
(Carroll, Sawicki, Silvestri & M.T., New J. Phys., 8: 323, (2006) [astro-ph/0607458])

Gµ! = 8" GTµ!

How might we modify gravity at the level of the action,
while introducing no new degrees of freedom?

Would like to change the Einstein equation from

to
Gµ! = 8" G f(Tµ! )

Seems simple, but a bit tricky to achieve in general
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Details of MSG

H2 =
!

1+
d!

d lna

" ! 2#
e! 2!

3M2
P

[" + U(! )] !
k
a2

$ dU
d!

! 4U(! ) = ! "

H2 =
1

3M2
P
ρ !

k
a2

S=
Z

d4x
!

" g
!

M2
P

2
e2! R+ 3e2! ("! )2 " U(! )

"
+ Sm[gµ#,$i ]

For those who care, hereÕs what we do to the action

Note that scalar isnÕt dynamical here - for cosmology, what
changes is the Friedmann equation

Have a t-dependent NewtonÕs constant, and 
other Òenvironmentally-determinedÓ factors.

with

H2 =
1

3M2
P

f (! ) c.f.
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Structure Formation in MSG
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Just an example of the kinds 
of things we and others are 
up to test modiÞed gravity.

Need to Þnd ways to
separate out the 
gravitational effects from
new energy momentum
sources.
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Coupled Dark Models
There exist many examples (not comprehensive):

O.E. Bjaelde,  A.W. BrookÞeld, C. van de Bruck, S. Hannestad, D.F. Mota, L. Schrempp and D. Tocchini-Valentini, Neutrino Dark Energy -- 
Revisiting the Stability Issue, arXiv:0705.2018 [astro-ph].

J. Khoury,  A. Weltman, Chameleon Þelds: Awaiting surprises for tests of gravity in space,  Phys. Rev. Lett. 93, 171190 (2004).

J. Khoury and A. Weltman, Chameleon cosmology, Phys. Rev. D69 , 044026 (2004).

D.F. Mota and D.J. Shaw, Strongly coupled chameleon Þelds: New horizons in scalar Þeld theory, Phys. Rev. Lett. 97, 151102 (2006)

R. Fardon,  A.E. Nelson and N. Weiner, Dark energy from mass varying neutrinos, JCAP 0410 , 005 (2004)

R. Fardon, A.E. Nelson and N. Weiner, Supersymmetric theories of neutrino dark energy, JHEP 0603 , 042 (2006)

D.B. Kaplan, A.E. Nelson and N. Weiner, Neutrino oscillations as a probe of dark energy, Phys. Rev. Lett. 93, 091801 (2004)

S.M. Carroll, V. Duvvuri, M. Trodden and M.S. Turner, Is cosmic speed-up due to new gravitational physics?, Phys. Rev. D70 , 043528 (2004)
 
S.M. Carroll, I. Sawicki, A. Silvestri and M. Trodden, ModiÞed-Source Gravity and Cosmological Structure Formation, New J. Phys. 8, 323 (2006)

G.R. Farrar and P.J.E. Peebles, Interacting dark matter and dark energy, Astrophys. J. 604, 1 (2004)

N. Afshordi, M. Zaldarriaga and K. Kohri, On the stability of dark energy with mass-varying neutrinos, Phys. Rev. D72 , 065024 (2005)

Bean, Flanagan and M.T., New J. Phys. 10: 033006,2008 [arxiv:0709.1124] (2008), 
Bean, Flanagan and M.T., Phys.Rev. D78 : 023009,2008 [arxiv:0709.1128] (2008)
Bean, Flanagan, Laszlo and M.T.,  Phys.Rev. D78 : 123514,2008 [arxiv:0808.1105] (2008)
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Coupled DM/DE

øp = 0 ! ! e3" (#) ø!For DM, need DeÞne

M2
plGab = ! a"! b" !

1
2

gab(!" )2 ! V(" )gab+ e#(" )$uaub

! a! a" ! V"
e f f(" ) = 0 Ve f f(! ) = V(! )+ e" (! )#

! a(" ua) = 0 ub! bua = ! (gab+uaub)! b"

EOMs become

M2
plGab = ! a"! b" !

1
2

gab(!" )2 ! V(" )gab+ e4#(" ) [($̄ + p̄)uaub + p̄gab]

! a! a" ! V"(" ) = #"(" )e4#(" )( ø$ ! 3 øp)

Model matter as a perfect ßuid. EOMs become



Mark Trodden, University of Pennsylvania
ModiÞed Gravity in the Era of Fiscal Responsibility

CERCA Workshop: Tests of Gravity and Gravitational Physics
CERCA, Case Western Reserve University 5/20/2009

FRW Cosmology - Background

ds2 = ! dt2 + a(t)2! i j dxidxj

3M2
pH

2 =
1
2

ú! 2 + V(! )+ e" (! )#c + #b + #r

The Friedmann equation

The ßuid equations

ú! c + 3H! c = 0

ú! b + 3H! b = 0

ú! r + 4H! r = 0

¬! + 3H ú! + V,! (! ) = ! " ,! (! )e" (! )#c
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Trackers and Attractors
Equations admit attractors and tracking solutions

- evolution tends to Þxed points, mostly independent of i.c.s
- useful way to classify viable solutions 

Convenient variables

x !
ú!

"
6HMp

y !

"
V

"
3HMp

! !
MpV,"

V
! !

VV,""

V2
,"

obey

dx
dN

= ! 3x+

"
6

2
! y2 +

3
2

x(1+ x2 ! y2)+ C(1! x2 ! y2)

dy
dN

= !

"
6

2
! xy+

3
2

y(1+ x2 ! y2)

d!
dN

= −
√

6! 2(" −1)x

! c = 1! x2 ! y2

we f f = x2 ! y2

C(! ) = !
Mp" ,!

#

β !

!
2
3
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Example I
Typical behavior is from an early-time matter-dominated saddle 
point, to a late-time accelerating Þxed point (stable or saddle)

(x,y) =
!

2C
3

,0
"

, we f f =
4C2

9

(x,y) =

!
!

!
6

,
"

1"
! 2

6

# 1/ 2
$

, we f f = " 1+
! 2

3
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Example II

(x,y) =
!

2C
3

,0
"

, we f f =
4C2

9

(x,y) = [ 0,1] , we f f = ! 1
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Increasingly Accurate Data

Hubble

Chandra

HST, Chandra + Lensing
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Comparing Models
CMB (WMAP), Matter Power Spectrum (SDSS), Baryon Acoustic 
Oscillations (2dFGRS), Type Ia Supernovae (ÔunionÕ dataset) and 
Hubble Constant prior (HST)


