PHYS 331 Homework 12 Solutions

9 December 2011

Problem 1. (10 points)

Problem 5.2

AFE A — M M
(a) From Eq. 4.77, E; is proportional to mass, so Ell = Tm = m# r_ m(Tnj\_/[ ) v

The fractional error is the ratio of the electron mass to the proton mass:

9.109 x 1073 k
Wm—”ki = 5.44 x 10~%. The percent error is | 0.054% | (pretty small).
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So (in magnitude) AN = Ap/p.  But  p = mM/(m + M), where m = electron mass, and M =
nuclear mass.

SE

(b) From Eq. 4.94, R is proportional to m, so

= m(2my) __mmp = [y (2m + 2m, —m — 2my,)
m+2m, m+m, (m+my)(m+2m,) b b

2
memy, mu

 (m+my)(m+2m,)  m+2m,

A A
a4 = 2F n ~ , SO0 | AN = o An |, where \p, is the hydrogen wavelength.
A 7 m+2m, 2m, 2my,
1 1 1\ 5 36 36
Z=R(Z-Z)=R= ) \="=—"" __ _ m=6563%x10"m.
Y (4 9) 36 5R  5(1.097 x 107) om
9.109 x 1031

A =
A 2(1.673 x 10-27)

(6.563 x 10~ ")m =| 1.79 x 10~ m.|

(c) p= m+m = %, so the energy is half what it would be for hydrogen: (13.6/2)eV =
m+m

(d) p= W R o, so R is changed by a factor — 2 T tme _ mu(my + me), as compared
my +my My +m,  MpMme me(my +my,)
with hydrogen. For hydrogen, 1/A = R(1—-1/4) = 2R = A =4/3R = 4/3(1.097x10") m = 1.215x 10~ " m,
and A o< 1/R, so for muonic hydrogen the Lyman-alpha line is at
1 (L 10727 +206.77 x 9.109 x 1073
(1.215 x 10" "m) = (1678 x 1077 + . . )

T 206,77 (1.673 x 10-27 +9.109 x 10-31)

_ me(mp +my,)
 mu(my +me)
—[6.54 x 1070 m.|

(1.215 x 10~ "m)




Problem 2. (10 points)

Problem 5.5
(a)

K2 9%

2m Ox?

K2 0%

2m 2

= Ey

Y= \/—— [Sln (—1) sin (27T$2) — sin (271'331) sin (@)]
a a a a

d?ay V2 [ T\2 | /T . 27Xy 27\ 2 . 2mx,
d—:l;% = 7 — (E) Sin (T) Sin ( a ) + (Z) Sin ( a
2y V2 [ for\? . (TN . [ 27xo ™2 . [27x1 .
d—:l;% = 7 — (z) Sin (T) Sin ( a ) =+ (g) Sin (T) Sin

d?y  d*y T2 21 2

AT G IR Y = 5
(dxf+d33§) <a,) +( ) v = 0,21/)’

B2 (d*p  d*y 5m2h? 5m2h?

— E ith F= ——+ =5K.
" 2m (da:l * dx%) 2ma? omaz ¥ = PO it 2ma? b

(b) Distinguishable:

(for 0 < z1, 22 < a, otherwise ¢ = 0).

)on (2)

()

v

‘1/)22 = (2/a)sin (27xq/a) sin (2wza/a), with Foy = SK‘ (nondegenerate).

Y13 = (2/a) sin (rx1/a) sin (37zs/a)
Y31 = (2/a)sin (37xy/a) sin (12 /a)

} 5 with Elg = Egl =10K

Identical Bosons:

‘ Yoo = (2/a) sin (2wxz1 /a) sin (2wxo/a),

Eyy = 8K ‘ (nondegenerate).

(doubly degenerate).

Y13 = (V/2/a) [sin (721 /a) sin (3729 /a) + sin (372 /a) sin (722/a)], Ei3 = 10K

(nondegenerate).

Identical Fermions:

s = (Vo) fin (232) sin (5%)

— sin (3T2) sin (2£2)], By3 = 10K

Yo3 = (V2/a) [sin (2222 sin (2722)

—sin (32) sin (2222) ], By = 13K

(nondegenerate).

(nondegenerate).



Problem 3. (10 points)
Problem 5.6
(a) Use Eq. 5.19 and Problem 2.4, with (z), = a/2 and (2, = (% - ﬁ) :
(01— 1)) = a2 (§ — ohege) +0? (§ = opge ) — 2§ - 5 =2 [%—% (%+%)]
(b) (@) = 2 [ wsin (Z22) sin (22) do = L [ |cos (%2 ) — cos (287 ) [ da
= (o) e (25250) + (i (=)
- () o (2222) - (e (22|

1 [(W)Q (cosl(m —nyx) ~ 1) ~ (gtags ) (cosl(m + ] — 1)] |

But cos[(m £ n)r] = (=1)™T", so

=

- a [(_1)m+n B 1] 1 B 1 ) _ %, if m and n have opposite parity,
e 2 (m—n)2  (m+n)? 0, if m and n have same parity.
1 1 1 1 128a%m?n?
2y |2
(The last term is present only when m, n have opposite parity.)
1 1 /1 1 128a*m?n?
o _ | 2

(Again, the last term is present only when m, n have opposite parity.)
Problem 4. (5 points)

Problem 5.33

(a) Each particle has 3 possible states: 3 x 3 x 3 =

(b) All in same state: aaa, bbb, ccc = 3.
2 in one state: aab, aac, bba, bbc, cca, ccb = 6 (each symmetrized).

3 different states: abc (symmetrized) = 1.

Total:

(c) Only abc (antisymmetrized) =



Problem 5. (10 points)

Problem 5.22
(a)

3
1 2 . Smxa\ . Trrg\ . 17nze . Srxa\ . 17Tz \ . Trxo
V(xa,xp,x0) = —= - sin sin sin — sin sin sin
V6 a a a a a a
( ) (177rx3> . (57rxc> . (771':0,4) . (57@3) . (177rxc>
+s1 sin — sin sin sin
a a a a a
(1771' A) . (57@3) . (77rxc> . (177rxA> . (77T:CB> . (571:’00)]
sin —sin sin sin )
a a a a a

o= (V2] Ton (M52 (R (225) ]

0= 25 (V) o (22 (2 22)
i (7)o (H2572 ) i (75 i (S ) () o (75 |

3
1 2 . Srxa\ . Trrg\ . 17nzo . Smxa\ . 17rxp \ . Trxe
Y= — — sin sin sin + sin sin sin
V6 a a a a a a a
(771':0,4) . (177r:cB> . (57r:cc> . (771':0,4) . (57@3) . (177rxc>
Sin sin —+ sin Sin Sin
a a a a a a
. (177rxA> . (57@3) . (77r:cc> (1771':0,4) . (77@3) . (571':00)]
—+ sin sin sin -+ sin sin sin .
a a a a a a

(iii)

+ sin




Problem 6. (10 points)

Problem 5.23
(@) Epynang = (n +n2+ns+ 3w = 2hw = ni +no +n3 =3. (n1,n2,n3=0,1,2,3...).

State Configuration # of States

ni n9 ns (NO,Nl,NQ...)
0 0 3
0 3 0 ‘ (20,0,1,00 ...) ‘ Possible single-particle energies:
3 0 0
o 1 2 Eo = hw/2: Py =12/30 = 4/10.
0 2 1 Ey = 3hw/2: P, = 9/30 = 3/10.
1 0 2 \(1,1,1,0,0,0 )\ 6] By = 5hw/2: Py = 6/30 = 2/10.
1 2 0 Es =Thw/2: Py =3/30 =1/10.
2 0 1
2 1 0
L1 1] [(03000...)]

Most probable configuration: ‘ (1,1,1,0,0,0 ...). ‘

Most probable single-particle energy: | Ey = $hw.

(b) For identical fermions the only configuration is ‘(1,1,1,0,0,0 ...) (one state),‘ so this is also the most

probable configuration. The possible one-particle energies are

[Bo (Po=1/3). Ey (Pi=1/3), E»(Pr=1/3),]

and they are all equally likely, so it’s a 3-way tie for the most probable energy.

(c) For identical bosons all three configurations are possible, and there is ‘one state for each. | Possible one-
particle energies: | Eo(Py =1/3), E1(Py = 4/9), Ba(Py = 1/9), E3(P3 = 1/9). | Most probable energy:

Problem 7. (10 points)

Problem 5.32
From Problem 2.11(a),

From Eq. 3.98,

{x)o1 = /O:o zpo (@)1 () do = (0fz[1) = \/ % (\/I5oo + \/651—1) = %

h 3h 2h

Equation 5.19 = (21 — 29)%), = —— + 2" _og=| =

(a) Equation (@1 = 22)7a 2mw + 2mw mw
2h h h
i . — = — — 2— — —
(b) Equation 5.21 = ((x1 — x2)“)+ 2y =
. 2h h 3h
(¢) Equation 5.21 = {(x1 —x9)*)_ = 2=




