Problem 1. (28 points)

Clearly state if each of the following could describe a wave function for —oo < x < oo. Briefly
justify your answer. Here A is a constant. [Note: There are questions on the back of this

page.]
() [4 points] 1 (z) = Ae'.

2

(b) [4 points] ¥(z) = Ae™™".

0, <0

(c) [4 points] ¢(x) =4 Asin(z), 0<z<m .
0, T<x
0, xz <0

(d) [4 points] ¢(x) =< Asin(z), 0<z<37/2 .

0, 3r/2 <z
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Problem 1 continued:

(e) [6 points] Consider the potential defined by V(z) = —Vp V(z)
for £ < 0 and V(z) = 0 for > 0 as shown at the right.
A particle of energy —Vp < F < 0 is sent in from the left.
Sketch the probability density, |¢(z)|?, for the particle in
the regions x < 0 and = > 0.

_VO

(f) [6 points] For the potential in the previous part a particle of energy E > 0 is now sent in from
the left. Sketch the probability density, |1(z)|?, for the particle in the regions x < 0 and

x> 0.



Problem 2. (30 points)

(a) [4 points] Show that the functions f(x) = e” and g(x) = e™* are eigenfunctions of the operator
d?/dz? with the same eigenvalue. What is the eigenvalue?

(b) [4 points] Show that the eigenfunctions in the previous part are not orthogonal on the interval
z € [—-1,1].

(c) [6 points] Construct two linear combinations from the functions f(z) and g(z) that are or-
thogonal on the interval z € [—1,1].
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Problem 2 continued:
A particle with non-zero spin is placed at rest in a region with a constant, uniform magnetic field,
B = Byz.

d(S.)

(d) [4 points] Calculate

(e) [4 points] Calculate d(Ss)

d{S:
(f) [4 points] For the case of an electron verify your result for <c?t ) from part 2(d). [Hint: We

calculated the required expectation values when we studied Larmor precession. You do not
need to recalculate them. Feel free to use those results.]

d(S
(g) [4 points] For the case of an electron verify your result for < d:> from part 2(e).



Problem 3. (20 points)
Consider the potential given by V(z) = —ad(x + a) + ad(z — a) where o and a are positive
constants. [Note: There is an extra credit question on the back of this page.]

(a) [5 points] Can this potential have bound states?

(b) [15 points] A particle with mass m and energy E > 0 is sent in from the left. Write down
the equations you would need to solve to find the transmission coefficient for this particle.
Do not solve for the transmission coefficient but make sure the equations you write down
are in a form that could directly be used to solve for it.
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Problem 3 continued:

(c) [10 points] Extra Credit: Calculate the transmission coefficient for this particle. [Hint:
The algebra isn’t horrible if you combine the equations from the previous part in the right
order. Do not spend time on this problem until you have worked on all the other problems.]



Problem 4. (25 points)

Neutrinos are fundamental particles that are nearly massless. There are three types, also known
as flavors, of neutrinos, one associated with each of the fundamental leptons (electron, muon, and
tau). If the flavor states of the neutrino are not eigenstates of the Hamiltonian then we can have
oscillations between the types of neutrinos. To explore this we will consider just two neutrino
flavors and label the flavor states as |v,) and |v,) (if the third flavor state is much lighter than
these two then it makes sense to treat these two together). [Note: There are questions on
the back of this page.]

(a) [4 points] Label the energy eigenstates as |v1) and |vp) then H |v1) = Ey [11) and H |1p) =
Es |va). Write the Hamiltonian in matrix form in the {|v1), [v2)} basis.

(b) [6 points] The flavor eigenstates are typically written in terms of the energy eigenstates as
\v,) = cos@|v1) +sinf |vp) and |vr) = —sin |v1) + cos B [v2) where 0 is called the mixing
angle. We can transform from one basis to the other using a matrix U where

(b3) = ()

Write down the matrix U and show that it is unitary.
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Problem 4 continued:

(c) [8 points] In a particle decay the flavor eigenstates are formed. Suppose we start in the state
|5(0)) = |vu). Write down |S(t)) in the {|v,), |vr)} basis.

(d) [7 points] For the initial state in the previous part show that the probability of detecting the
neutrino in the |v;) state as a function of time, P;(t), is given by

P, (t) = sin?(26) sin® (wt)

where Fy — 1 = 2hw.



Problem 5. (34 points)
Frequently in a two particle system the interaction (potential energy) will only depend on the
difference in their positions, r = r; — ro. In this case the Schrodinger equation separates if we
write it in terms of r and the center of mass coordinate, R = (miry + morsa)/(m1 + msg). Using
this transformation it can be shown that Vi = (u/m2)Vgr + V., and Vo = (u/m1)Vr — V,
where © = mima/(mi+ms) is the reduced mass. [Hint: See problem 5.1 in the text book. Note:
There are questions on the back of this page.]

(a) [8 points] For this system show that the (time-independent) Schrédinger equation becomes

" \% h2v2 V() =FE
 2(my +my) R¢_ﬂ AV =By

(b) [6 points] Use separation of variables, 1)(R,r) = ¥g(R)¢,(r), to write down the equations
that ¥ and v, must satisfy.

(c) [6 points] For the case of the hydrogen atom where V(r) = —e?/4meor write down an
expression for the eigenstates v, (r). [Note: You recognize this system so write down or
describe the solution in some way that I can recognize that you know the solution.]
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Problem 5 continued:

(d) [6 points] Discuss the solutions 1)r(R) which describe the motion of center of mass of the
hydrogen atom. What difficulties do we encounter? [Note: This is identical to a case
we encountered in one dimension. You can either discuss the solutions based on physical
arguments or try to solve the differential equation. If you attempt to solve the differential
equation then only consider the ¢ = 0 case.]

(e) [4 points] Using these results find the percent error in the binding energy of the hydrogen
atom introduced by our use of m, instead of p. [Note: m, = 1836m..]

(f) [4 points] Using these results recalculate the ground state energy of the muonic atom. Recall
that m, = 207me. [Note: This result is much more accurate than our estimate on exam III.]



