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PHYS 122: Cycle 3A Review Sheet
March 16, 2009

Cycle 1 and Cycle 2 Materials

Physics is a cumulative subject and the this is especially sofor the Cyclic approach. Therefore
is it explicitly the case thateach student are responsible for ALL materials delineated in the
Cycle 1 Review Sheet and the Cycle 2 Review Sheet.As part of your preparations for the Third
Hour Exam be sure you are completely comfortable with all materials presented in the these first
two Review Sheets since any question on any of these topics is“fair game” for the next exam.

Electric Dipoles:

If we have two point charges of equal but opposite magnitude,then we define theelectric dipole
momentas the vector:

~p ≡ Q~d

where~d is the position vectorfrom the negativeto the positive charge. Note that the (confusingly)
the dipole vector runs in the opposite direction relative tothe electric field.

A dipole will exert a field that falls as1
r3 at large distances in any direction.

A dipole placed in a uniform electric field will experiencezero net force. However it will
experience a nettorqueaccording to:

~τ~p = ~p × ~E

There is an associate potential energy associated with this:

Udipole = −~p · ~E

Note that the potential energy can be zero, positive, or negative.

Dielectric materials:

Many insulators are also dielectric materials. This means that although charges do not move,
the material has an impact on the electric field. Specifically, a dielectric reduces the magnitude of
the field:

Enet = χEapplied

whereEnet is the net electric field in the capacitor,Eapplied is the field that was applied by the
capacitor in the absence of the dielectric material, andχ is the factor which gives a reduced field:
0 < χ < 1. We can also calculate the impact on the capacitance:

Cnet =
1

χ
Coriginal
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By convention, if we define a constantκ that is the inverse ofχ, then, when we are working
within a dielectric substance, in all of the electrostatic equations that includeǫ0, this term is re-
placed byκǫ0 whereκ is called the dielectric constant. The dielectric always acts so as toreduce
the strength of the electric field. This always has the impactof increasingthe capacitance when a
dielectric is used between the plates:

C = κC0

whereC0 was the capacitance in the absence of the dielectric.

Be sure you understand how dielectric properties can be explained by considering the
molecules as dipoles which tend to line up in the applied electric field. The resultant alignment of
dipoles results in a second (induced) electric field that partially cancels the applied one.

Ampere’s Law and ~B for a solenoid:

Reminder: we worked out an approximation for~B inside asolenoid(a long tube with many
windings of a single wire wrapped in a coil from end to end). Weused symmetry arguments to
say that the field inside the coil is strong while the field outside the coil is weak enough to ignore
completely. We used an Amperian Loop that is a rectangle thatencloses several turns of the coil.
We then used Ampere’s Law to show that the magnetic field is given by:

B = µ0In

whereI is the current andn is the number of turns per unit length along the coil.

A similar technique was used to demonstrate that the magnetic field of a toroid is given by:

B =
µ0IN

2πr

whereN is the total number of turns of the coil in the toroid.

Magnetic Dipole

We define a quantity similar to the electric dipole but for themagnetic field. We argued that
the “simplest” element for creating a magnetic field is a small loop of constant current. We expect
the “dipole field” to be proportional to the current and depend on the size of the loop. As is nicely
shown in your textbook, the dipole moment for a loop is defined, then, as:

~µ = I ~A

where we have defined the vector direction as that normal to the surface circumscribed by the loop.
We note that the magnetic dipole vector points in the direction prescribed by the “curly fingered”
right-hand-rule.

Torque due to magnetic field on a current loop:

If we place a small loop of current in a uniform magnetic field we can show that while there is
zeronet force on the loop, there is a nettorque:

~τ = ~µ × ~B
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This result applies in general to any current loop.

We note the electric and magnetic dipoles are very similar. Both have the characteristic “but-
terfly” field pattern that falls off with1/r3 at large distances. Both experience torques (but zero net
force) when placed in a corresponding uniform field.

Magnetic Materials:

We want to have a general understanding of the magnetic behavior of materials. To do this, we
assume that the smallest bits of any material (atoms, molecules) can be represented as tinycurrent
loops. In some types of materials, the net current in each atom is zero, and so the magnetic dipole
moment is zero. In other materials, the net current is not zero, and so each atom has a permanent
non-zero magnetic dipole moment.

We can break the magnetic response of materials into three classes:

diamagnetic materials: Everything is weakly diamagnetic.Purely diamagnetic materials have
atoms with zero magnetic moment in the absence of an applied magnetic field. When a
field is applied, a current is induced in each atom and according to Lenz’s law, the resultant
dipoles will oppose the applied field. Since the dipoles are anti-aligned with the applied field,
they co-add to create a magnetized field in oppose the appliedfield: ~Bnet = ~Bapplied −

~BM .
This effect is completely analogous to the concept of dielectric materials which reduced the
strength of the electric field.

paramagnetic materials: These are materials with atoms that have a non-zero magnetic dipole
moment. In this case, the applied field results in a torque on each atom that tends to co-align
the atoms with the applied field.~Bnet = ~Bapplied + ~BM . Since thermal collisions tend to
randomize the alignment of the atoms, the strength of the magnetization depends upon the
temperature of the material. Liquid oxygen and some inorganic salts are paramagnetic.

ferromagnetic materials: Some metals such as iron and nickel can be found in ferromagnetic
alloys. In this case, the atoms have a non-zero magnetic dipole moment and even in the
absence of an applied field, atoms within small magnetic domains will co-align due to mi-
croscopic interactions. If a field is applied, atoms in each domain will act together to co-align
with the applied field. This can result in very strong amplification: ~Bnet = ~Bapplied + ~BM .
Since the domains tend to stay aligned after even after the applied field is gone, applying a
strong magnetic field to a ferromagnetic material will create a “permanent” magnet out of
the material. Again, heat can be used to demagnetize.

Kirchhoff’s Rules for Circuits: Once More with Feeling

First Rule: Remember that Kirchoff’s Voltage Rule (KVL) is the solution of “last resort.” Usu-
ally solving a problem using a combination of equivalent resistances, series and parallel structures,
etc., will be much faster than calculating the voltage around some number of loops and setting
each sum to zero. Thereforealways try to find a simpler method to solve the problem before
you resort to going around loops for KVL. In particular look for voltage sources applied across
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parallel arms (you know immediately the voltage across eacharm) and look for series structure
(where you know the current is the same in each component in series).

Let’s review our expanded “circuit rules” so as to include capacitors and inductors. Circuits
are constructed from loops. The rules of circuits follow directly from the laws of electrostatics, the
concept of voltage, and Ohm’s Law. There are five+two+one Rules as I like to write them:

1. Junction Rule (also called the “node rule” or Kirchhoff’sCurrent Law: (KCL)) The total
current going into a junction is equal to the total current going out of a node (also called a
junction).

2. Loop Rule (also called Kirchhoff’s Voltage Law (KVL): Thesum of voltage changes around
any loop in a circuit will total to zero. This applies toanyloops but you will usually converge
to the answer faster by selecting the most compact loops.

3. Battery Rule: The voltage change going through any voltage source is given by∆V = +V

whereV is the voltage associated with the source. In other words, voltageincreaseswhen
you move into the voltage source from negative terminal and out of the source from the
positive terminal.

4. Resistor Rule: The voltage change going through any resistor is given by∆V = −Vdrop

whereVdrop = IR. In other words voltagedecreaseswhen you move through the source
in thesame directionas the (defined) direction of current flow. We use the term “drop” to
emphasize that the voltage goes down when we move through a resistor in the direction of
the current.

5. Capacitor Rule: The voltage change going through any capacitor is given by∆V = ±VC

whereVC = Q/C. The sign depends on the charge on the plates, and it works thesame way
as the rule for voltage sources. In other words when you move from the side of the capacitor
where the charge is negative to the side where it is positive,there is a voltageincrease.

6. Inductor Rule: The voltage change going through any inductor in the same direction as the
current is given by∆V = VL whereVL = −LdI

dt
. In other words when you move through

an inductor in the same direction that the current ischangingthere will be an induced back
voltage directed the opposite way – so the voltage will decrease. Note that by “convention”
we “add” this voltage (which may be negative) instead of subtracting a (positive) voltage
drop. The result is the same.

7. Reverse rule:(a) Reverse the Battery Rule when you cross the battery going backwards
(through the source entering the positive terminal). (b) Reverse the Resistor Rule when
you cross the resistor in the opposite direction relative tothe current. (c) Reverse the Ca-
pacitor Rule if you are moving through a capacitor in from thenegatively charged plate to
the positively charged plate, (d) Reverse the Inductor Ruleif you are moving in the opposite
direction todI

dt
.

To solve circuits, work around each loop using these rules writing down each voltage change
for each component. For multiple loops, solveN equations (one for each loop) andN unknowns.
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Don’t forget! If you know that the time is either very short or very long compared to the time
constant of your circuit (τ = RC or τ = L/R) then you can use the short-time and long-time
approximations for your capacitors and inductors. This cansimplify your life considerably.

Capacitors in RC circuits:

You should recognize resistors in series with capacitors aselements of an “RC” circuit. The
key concept is that the voltage across the capacitor is givenby:

VC = ±
Q

C

where the sign depends on the polarity of the charge on the plates. We use this in KVL and
differentiate to get an equation for current that we can solve. Don’t forget we have this relationship
between charge and current on the capacitor:

IC =
dQ

dt

For a simple RC circuit where the capacitor is charged up, thecurrent as a function of time is
given by:

I(t) = I0e
−

t

τ

where
τ = RC

You can findI0 by considering the current through the resistor in the absence of the capacitor.

You can find the charge on the capacitorQ(t) as a function of time by recalling thatI = dQ
dt

and integrating the above. You will get another exponential, but one that comes to a non-zero
equilibrium value:

Q(t) = Qf [1 − e−
t

τ ]

whereQf = CV0 is the steady state charge on the capacitor.

Note that the expression for voltage across the capacitor follows directly:

V (t) = Vf [1 − e−
t

τ ]

whereVf = V0, the battery voltage.

Note that if wedischargethe capacitor, the only thing that changes is the relationship between
charge and current on the capacitor is reversed:

IC = −
dQ

dt

This means that the equilibrium values of all three quantities are zero when we discharge:

I(t) = I0e
−

t

τ
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Q(t) = Q0e
−

t

τ

V (t) = V0e
−

t

τ

Inductors in RL circuits:

The situation with inductors is very analogous to capacitors. The main difference being that
the voltage depends on derivative of the current instead of the integral of the current. The voltage
drop across an inductor is:

VL = L
dI

dt

Again, we use KVL and work out the time evolution of each value:

V (t) = V0e
−

t

τ

I(t) = If [1 − e−
t

τ ]

whereτ = L/R andIf = V0/R.

Simplified Rules for RC and RL Circuits:

We note that all of the above expressions for the exponentialtime dependence fall into two
solution forms. The solution is either

X(t) = X0e
−t/τ

or
X(t) = Xf [1 − e−t/τ ]

Use the long-time or short-time behavior of the circuit to figure out which of these two applies
to a given quantity. Use the long-time or short-time solution to figure out the value of the coefficient
(whereX0 corresponds to the short-time solution, andXf corresponds to the long-time solution.

Inductors and Capacitors in LC circuits:

If we have a circuit with a charged capacitor in a loop with an inductor, we can get generate an
oscillating circuit:

I(t) = I0 cos(ωt + φ)

where

ω =

√

1

LC

In other words, we get a harmonic oscillator with a particular angular frequencyω. Like a
mechanical oscillator oscillator, the energy moves from one form to another, but is conserved as
long as there is no resistance in the circuit:
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Etot = UC + UL

Etot =
1

2
CV 2 +

1

2
LI2

As V andI change, the energy goes from the capacitor to the inductor and vice versa but the total
energy remains constant.

Faraday’s Law:

It is worth reviewing carefully what we know about Faraday’sLaw. When the magnetic field
is changed with respect to a loop of wire, avoltageappears around that wire. This is called an
inducedvoltage. The value of the voltage depends exactly on the rateof change of the magnetic
flux through the loop:

V = −
dΦB

dt

where we defineΦB to be the magnetic flux through the surface that is bounded by the loop of
wire:

ΦB =

∫

surface

~B · d ~A

There are three ways to change the magnetic flux:

1. ChangeB, the magnetic field.

2. ChangeA the area of the coil.

3. Change the angle between~A and ~B.

Lenz’s Law:

This is a “rule” that allows us to determine thedirection of the induced voltage that results
from Faraday’s Law. In my own words:

• We have a change in the magnetic flux which can be described in terms of a change in~B
where~B changes to~B + ~∆B,

• This results in an induced voltageVinduced,

• This results in an induced currentiinduced,

• This results in an new induced magnetic field~Binduced,

• ~Binduced opposes ~∆B.

One demo we did in class demonstrated Faraday’s Law and Lenz’s Law: the “levitation” of
a conducting ring around a solenoid coil. In this case we usedalternating current to generate a
continuously changing magnetic field. The induced field fromthe conducting ring always acts in
opposition to the solenoid field, and so the ring is pushed away (upward) from the solenoid.
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Pulling a loop through a magnetic field: eddy currents

We used Faraday’s Law to calculate the voltage that results when we pull a rectangular loop
out of a uniform magnetic field:

V = BLv

whereL is the length of the perpendicular dimension of the loop andv is the velocity of the loop.
If this voltage also generates a current, then we will do work. There will be a force back on the
loop.

We can extend this principle to a flat conducting plate. In this case, if we change the magnetic
field by pulling the plate through the field, we will generate inducted currents aroundeveryloop
that is allowed in the plate. These induced currents are called eddy currentsand can be consid-
erable. We had a nice demo that shows how the force associatedwith eddy currents will act to
quickly opposed the motion of the conducting plate through the magnetic field.

Mutual Inductance:

If there are two coils in proximity, a change in current in onecoil will induce a change in
magnetic field in the second coil, resulting in an inducted voltage. We define the mutual inductance
according to:

Vinduced = M
dI

dt

AC current and transformers:

The LC circuit results in a changing sinusoidal current in the circuit. We can also generate an
AC current by rotating a coil inside a magnetic field. In this case, we are using Faraday’s Law to
generate a voltage by changing the angle between~A and ~B.

V (t) = V0 cos(ωt)

We can consider any such source of voltage an “alternating current” (AC) voltage source. In
this case, the current and voltage are constantly changing so that we can take advantage of inductive
properties. One way to do this is with atransformer, which allows us to change the voltage
amplitude by using different numbers of turns on each arm:

Vs = Vp
Ns

Np

Electric Potential:
Let’s reconsider the electric potential, which we sometimes call “voltage”. The electric poten-

tial is just the potential energy per unit positive test charge. We can calculate the electric potential
by calculating the path integral:

∆V = −

∫

path

~E · d~s
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Note that this formula indicates avoltage differencebetween the start point and the stop point.
Sometimes, the “start point” corresponds to a “zero voltagereference point”. In this case we can
assign the value of the voltage at a given position (say pointP ) with respect to this particular
reference point where the voltage is defined as zero volts at that point:

VP = −

∫ Point P

reference point

~E · d~s

More generally, however, since we are looking at a voltagedifference, we need to consider the
voltage at both stop and start points. For example, if we are going from positiona to positionb
then the voltage at positionb would be given by the path integral:

Vb − Va = −

∫ b

a

~E · ~ds

In this case the positiona corresponds to areferenceposition: that is a position with known
voltage.

In many cases, once we know the field, we can specify the path sothat the dot product can be
replaced and the path integral can be done in just one dimension.

Note, we can go in reverse too. If we are given the potential, we can calculate the electric field:

~E = −∇V

where

∇ ≡ ı̂
∂

∂x
+ ̂

∂

∂y
+ k̂

∂

∂z

Therefore:

~E = −

(

ı̂
∂V

∂x
+ ̂

∂V

∂y
+ k̂

∂V

∂z

)

We call∇V the “gradient of the voltage” – a quantity that is very analogous to the gradient of
a topographic map. The symbol∇ is sometimes pronounced “Del” or “nabla”.

Note that we can add aconstantto the value ofV for all positions and doing this will not
change either of the two equations relating~E andV above. This corresponds to redefining the
“zero point” or “reference” voltage (see below).

Since the electric field isconservativethis integral only depends on theinitial andfinal po-
sitions. In other words, the electric potential is positiondependent only and path-independent.

Like Potential Energy, the electric potential is always defined a a change from one point to the
next. The choice of a reference point to define zero volts is arbitrary. We can define the zero volts
at anyposition in space where the voltage has a finite value.However, for convenience we often
chose a reference point to represent an electric potential of zero volts as follows:

• we define zero volts as where we find most negative charge, or
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• we define zero volts as the electrically neutral “ground”, or

• we define zero volts as the electric potential correspondingto the point at infinity or,

Maxwell’s Equations: (Integral Form)

Just as “Newton’s Three Laws of Motion” constitute the bedrock of Classical Mechanics,
out from which all other things can be derived, so does Maxwell’s Four Equations for Electro-
Magnetism do the same thing for fields and light. It’s important to realize that Maxwell himself
did not come up with these four equations, but unlike anyone before him, he did recognize that
these equations were interdependent, interconnected, andcompletely sufficient to describe all phe-
nomena in E&M. Furthermore it was Maxwell who made a criticalmodification to Ampere’s Law
and it was Maxwell who had the genius to see that this modification leads inevitably to the creation
of electro-magnetic waves – including light.

It is important to recognize that Maxwell’s Equations can berepresented in several different
forms depending on the emphasis of the application. For thiscourse, we are generally interested in
the “integral form”. That is to say, quantities that depend on integrating over paths or surfaces or
volumes. These come in handy, for example, if you have symmetric arrangements and you want
to calculate field strengths and so forth. Alternatively, Maxwell’s Equations can be represented in
“differential form” (with lots of∇ characters) which describe in detail how quantities are changing
with time and/or space at a given point. The latter also support a particularly elegant path to the
derivation of electro-magnetic waves. See below.

Maxwell’s First Equation: Gauss’ Law

The first of Maxwell’s four equations in integral form looks like this:
∫

surface

~E · ~dA =
qenclosed

ǫ0

where the integral is done over aclosed surface. This First Equation is also calledGauss’ Law. It
follows directly fromCoulomb’s Law. It tells you that charges create the electric field. In words,
Gauss’ Law says:

The total flux of the electric field through a closed surface isequal to the net charge
enclosed by that surface divided byǫ0.

Maxwell’s Second Equation: The Law with No Name

The second of Maxwell’s four equations in integral form looks like this:
∫

surface

~B · d ~A = 0

Again, the integral is done over aclosed surface. This Second Equation is also calledGauss’ Law
for magnetic fieldsor the “there are no magnetic monopoles” law. In words, this law says:
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The total flux of the magnetic field through any closed surfaceis always zero.

Maxwell’s Third Equation: Faraday’s Law

The third of Maxwell’s four equations in integral form lookslike this:
∫

loop

~E · d~ℓ = −
dΦB

dt

In this case the integral is apath integralwhich is done over a closed loop. Important: Note that
the expression on the left side of this equation is equivalent to the concept ofelectric potentialor
voltage. So in words, we can say Faraday’s Law as follows:

The induced voltage around a loop is equal to the negative of the time rate of change
of the magnetic flux through that loop.

Maxwell’s Fourth Equation: Ampere’s Law Modified

The Fourth of Maxwell’s four equations in integral form looks like this:
∫

loop

~B · d~ℓ = µ0Ienclosed + µ0ǫ0

dΦE

dt

Again, the path integral on the left side is done over a closedloop. This is calledAmpere’s Law
with Maxwell’s Modification . This law shows two ways to generate a magnetic field. First, if you
have a current flowing, this make a magnetic field. Second, if the electric field ischangingthen
you also get a magnetic field. If you write this out in words, you get:

The path integral around a loop of the magnetic field is equal aconstant times the
current enclosed by that loop plus a constant times the rate of change of the electric
flux through that loop.

Note that some textbooks will list these in different order.The numbering scheme is not uni-
versal. What physicists usually use are the names.
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Maxwell’s Equations: (Differential Form)

The forms of Maxwell’s Laws given above are called “IntegralForms”. This is because they
relate to values that areintegratedon some surface or loop. They basically tell you the “net effect”
over some larger region.

However, by using vector calculus, we canre-writeMaxwell’s equations indifferential form .
Here we relate quantities that are calculated “locally”, that is to say at very small distances or at a
particular point. The differential forms look like this:

Gauss’ Law: ~∇ · ~E =
ρ

ǫ0

No-name Law: ~∇ · ~B = 0

Faraday’s Law: ~∇× ~E = −
∂ ~B

∂t

Ampere’s Law: ~∇× ~B = µ0
~J + µ0ǫ0

∂ ~E

∂t

Here the expression~∇· is called thedivergenceoperator and it corresponds to the creation
and/or deletion of field lines (sinks and sources). So the first Law tells us that charge creates
electric field lines that start and stop at the charges. The second law tells us that there are no
monopoles (single point charges) for the magnetic field, andtherefore all magnetic field lines are
loops – no beginning nor end to the line.

The expression~∇× corresponds to thecurl operator. Again this tells is that the field is created
but with the curl, the field is created around something with field lines reconnected. The curl of
a vector field is a measure of the extent to which the field rotates around some central point. The
last two equations tell us that electric current density (~J) creates the magnetic field and also if we
change a field as a function of time, this will also create the (other) field.

Note that in a vacuum (zero charge and zero current) we have the following simplified expres-
sions for Maxwell’s Equations:

~∇ · ~E = 0

~∇ · ~B = 0

~∇× ~E = −
∂ ~B

∂t

~∇× ~B = µ0ǫ0

∂ ~E

∂t
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We can use the last two of these equations together with a series ofvector calculus identities
form new equations for both the electric and magnetic fields:

∇
2 ~E −

1

c2

∂2

∂t2
~E = 0 and ∇

2 ~B −
1

c2

∂2

∂t2
~B = 0

Here we have renamed the constant:c =
√

1

µ0ǫ0
.

This expression is called thewave equationin 3-D and the solutions are (electric and magnetic)
waves that propagate in space. Fundamentally, then, Maxwell’s equations lead directly to the
explanation of the phenomena of light:Light is an electro-magnetic wave.That is to say, light is
the result of oscillating (waving) coupled electric and magnetic fields moving through space at a
fixed velocity that we call the “speed of light” indicated by the variablec.


