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PHYS 122: — April 25, 2009
Slightly Revised Version April 29, 2009
Slightly Revised Again (fixed sign error in solution to PF3) May 2, 2009

More Practice Problems:

These are mostly from last year’s final exam.
Be sure to try solving problems first without looking at solutons!
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Problem PF1: Flux concept

Thin-walled shell ~_ IUTEER ..

A thin-walled electrically neutral conducting shell witlivgn radiusR,,.; = 5D encloses
three point charges, one non-conducting permanent bar ehagnd one small current loop as
shown above. The shell itself gerfectly conducting The magnetic dipole moment associated
with the current loop is given ag, which is also precisely ten times greater than the dipole exam
associated with the bar magnet. Assume that the above figui@wn to scale so that the given
point charges+@, —2@Q, and+3() are positioned at a given distancedaf2D, and3D from the
center of the sphere as shown. Assume that the current loogsponds to a counter-clockwise
rotation as seen from the above the sphere.

Part a) In terms of the parameters given, calculatettital electric fluxthrough a concentric
spherical surface that has a radfds= 4D (dashed circle). Explain your answer.

Part b) In terms of the parameters given, calculatetttal electric fluxthrough a concentric
spherical surface that has a radfds= 6D (dotted circle). Explain your answer.

Part c) On the figure above, draw somegectric field lineso indicate conceptually what the
field in the regionoutsidethe conducting shell looks like. Is the field in this regiormepcally
symmetric? Explain your work.

Part d) In terms of the parameters given, calculatettital magnetic fluxhrough a concentric
spherical surface that has a radids= 4D. Explain your answer.

Part e) Suppose we change the problem so that the perfectly congusphere shell is now
replaced with a thirperfectly insulatingspherical shell of the same size. How will this change
your answers to parts (a), (b), and (c) above? Be specifidaixpour work.



P122 Practice Problems PF1 to PF6 with Solutions page 3 of 29

Solution to Problem PF1

Part a) We useGauss’ Law to calculate the total flux:

€0

q)E = / E’ . d‘A’ _ Qenclosed
closed—sur face

So all we need to get the flux is to determine the charge erttloBke surface aR = 4D
shown with the dashed line encloses all three point chaiigesother objects (such as the current
loop and the bar magnet) are not charged. So the enclosegedkgustQ)..,.. = +Q_20Q + 3Q =
2Q. Therefore the flux is given by:

_

€0

Qg

Part (b): For the radius ak = 6D we enclose the same charge, therefore the flux is the same
as for Part (a):

_

€0

Pp

Note that since the shell is neutral, it does not change tbsed charge. Note that fact that
the shell is a perfect conductor does not mean that the ieléetd is blocked. Gauss’ Law says
you can use a conductor to shield from the influence of chalggsre outside the conductor, not
inside it.

Problem PF1 continues next page....
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Part (c): In the region of the conductor material there is no electetdfi This means that
the asymmetric field due to the charged point particles endiié conductor is not “connected”
to the charges on the outside of the conducting sphere. br @tbrds the details of the specific
configuration of charges inside the conductor is hidden, taedfield outside the conductor is
governed completely by the symmetry of the shape of the @eitsi the conductor. The field is
spherically symmetric, radially outward. Field lines shlibbie drawn to indicate uniform charge
density on the outside surface:

A

in-walled shelb—__

Problem PF1 continues next page....
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Part (d): It doesn’t matter at all what the radius is nor does it matterdonfiguration of loops
or bar magnetic. Th&No-Name” Law says that the total magnetic flux through any closed sarfa
is|zero|. Period.

Part (e): The answers for Parts (a) and (b) above do not change in any®Geayss’ Law does
not care if the surface is a conductor or an insulator: all thatters to the flux is the enclosed
charge and that does not change.

However, the field for part (c) is no longer simple or sphdilycsymmetric. A neutral insulator
has no impact on electric field lines. So the the answer far(Bawill change.
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Problem PF2: Spherical Shells

thick conducting shell
with net charge Q

thick insulating shell

Two thick concentric spherical shells are placed as shownweaabThe inner shell is made of
perfectly insulating materialThe outer shell is made gierfectly conducting materiallhe inner
radius of the insulating shell is the outer radius of the insulating shelbighe inner radius of the
conducting shell ig, the outer radius of the conducting shelllis

Suppose we embed charge on the inner shell with a given umiébarge density,. Suppose
also that we place a given net charge&fon the conducting shell.

Part a) In terms ofp,, a, andb, what is the total net chargg; of the insulating shell? Explain
your work.

Part b) Use Gauss’ Law to determine the electric fielkrywhere Note that the four radii
divide all space into five regions. Clearly indicate the eadfithe electric field for each of the five
regions. Explain your work.

Part c) What is thesurface charge densitgn the both the inner and outer surfaces of the
conducting sphere? Explain your work. Hint: to earn fulldstdnere, you should invoke Gauss’
Law and your answer should completely avoid these threesv@adtract”, “force”, and “induced”.



P122 Practice Problems PF1 to PF6 with Solutions page 7 of 29

Solution to Problem PF2

Part (a): Since the charge density umiform as a function of position in the thick insulating
shell, calculating the total char@g is as simple as multiplying the density by the volume:
Q; = (charge densityvolume of thick insulating shell

Q); = (charge density|(volume of sphere of radiug — (volume of sphere of radius)]

a=n[(3) (3

_ Ampo(b* — a?)
D —

Qs

Part (b):
We need to calculate the electric field everywhere. For egfez, we divide all space infive
regions as a function of radius as show here:

thick conducting shell
with net charge Qg

: N

thick insulating shell

We will useGauss’ Law:

/ E’ dzzf - Qenclosed
closed—sur face €0

We treat the left-hand side in the standard way: This sideafiux through a closed spherical
Gaussian surfacevith appropriate symmetry at a given radiusFor example, the figure above
shows such a surface for Region Il shown as a dashed magémisesp

Since the charge distribution has spherical symmetry, seatpect the electric field to depend
only on the radius.
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E(F) = E(r) = E(r)7

In other words, at at any given valuengfwe can assume that the electric field has a particular
magnitude and points outward from the center. This simplifiee surface integral calculation
significantly:

By — / (E(r)f] - dA
sur face

Since? anddA point parallel to each other at every point on the spheri@isSian surface,
the dot product gives us a scalar that is now a simply mutpion of the amplitudes:

sur face

And we can pull outz(r) since this is constant at a given

sur face

And the integral of the differential areéA over a surface is just the surface area, which we
know is4rr? for a sphere:

Oy = E(r)(4nr?)

So we put this into Gauss’ Law and then we say for any sphesycametry we can write:

1 ) Qenclosed

47eq r2

B = (

Now, we calculate the enclosed charge region-by-region:

e Region I: Forr < a we see immediately that there is nothing enclosed — no charge
anything else for that matter. So the field is given by:

E[(T') = O

e Region Il: Fora < r < b we enclose fractionof the thick insulating shell. Th&aussian
Surfaceat radiusr for a < r < b encloses some, but not all of the cha@g Since the
charge density isniformthe amount of charge is is just the charge density times thene
of the shell with inner radiua and outer radius. This gives us an answer very similar to
Part (a) substituting for b:

dmpo(b° — 1)
QIIenclosed (T) - #
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Therefore: trpo (s —a)
1 ( wpo(r°—a )
EII(T) = (47TT2) 630
po(r® —a®)
Pl = "5

e Region lll: Forb < r < ¢ we are between the shells and so the enclosed charge isgust th
charge associated with the insulating shell:

QIIIenclosed (T) - QtOt

and so:

po(b* —a?)

Ern(r) = 3r2eq

e Region IV: Forc < r < d we areembedded in a perfect conductand therefore we
automatically know that the field is zero:

E[\/(T') = 0

e Region V: Forr > d the Gaussian surface encloses both the insulating and titeicing
shells. So the enclosed charge is just the sum of these twgesha

Qvenclosed (T> = Qi + Qc

Ev(r) = <47reo) r?
1 4mpo (b3 —a?) .
o - () 2 e

Problem PF2 continues next page...
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Part (c):

First we consider the charge induced on itineer surface of the conductor. We appgBauss’
Law for a Gaussian surface that is a sphere of radinsRegion IV corresponding to the conduc-
tor:

€0

7 g QIVERC ose
/ Epy - dA = X Venctosed
[

losed surface

We know that in the conductathe field is automatically zera So Gauss’s Law tells us that
the enclosed charge must also be zero. The enclosed chalgdds the charge of the insulting
shell Q; plus any charge that appears on the inner surface of the ctorcat radius: which we
will call @;,....- This has to total zero enclosed charge:

Qi + Qinne'r =0

Qinne'r - _Q’L
4mpo(b® — a®
Qinner - _%)

By symmetry, this charge should be uniformly spread acrossurface. The surface charge
density therefore is the total induced charge divided bystiréace area of the inner surface of the
conducting shell:

o o Qinner
inner — 2
4m R
_ 4mpo (b3 —a?)
_ 3
Oinner = 471'62
3 3
. po(b’ —a’)
Oinner = — 302

Problem PF2 Part (c) continues next page....
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For the outer surface of the conductor, we know that the reigehof the conducting shell has
to be@.. So the surface charge has the value that satisfies thigamsgjiven our answer for the
charge induced on the inner surface:

Qouter + Qinner = Qc

Qouter = Qc - Qinner
dmpy(b° — a?)

Qouter = Qc + 3
And again we divide this by the surface area to get the chaggsity:
_ Qouter

Oouter = 47’(’ R2
d

47 po (b3 —a?)
Qet—5

Oouter = Ard?

c b3 —a?
Oouter = Q + pO( )

4mrd? 3d?
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Problem PF3: Plates and Currents

Side View Perspective View
IO<====T======== -
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The above plot shows an arrangement of two infinite chargatkgl The upper plate has a
given positive surface charge densit§o, and the lower plate has a given negative surface charge
density—o,. The separation between the plates is giveRd@sAlso, at a distancd above the
upper plate is an infinite wire carrying a given currénin the negative x-direction as shown.

Part a) Consider the poinf which is located half-way between the plates. In terms of the
given parameters, what is tledectric fieldat point P? Write down your answer asvectorusing
the coordinate system showmn:points right,y points back (into page) andpoints up. Explain
your work.

Part b) What is themagnetic fieldat point P? Write down your answer asveéctorusing the
coordinate system shown. Explain your work.

Part ¢) Now suppose a particle with a given massand a given negative charge= —qq is
placed at poinf’ and is given an initial velocity = v,?. Is it possible to assign a positive value of
the velocityv, that will allow the particle to move in a straight line withideeing deflected in any
direction?Here do not ignore gravity: Assume gravity results in a favoehe particle downward,
that is, in the—k direction. If you answer is yes, then what is this valuewgfin terms of the
parameters given? If your answer is no, explain why not? &rplour work.
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Solution to Problem PF3

Part (a):

We know the electric field for an infinite uniform charged dhe#h surface charge in the
X-y plane:

— g =
E=+—k
260

where here the- symbol indicates that the field may be directed either in th&twe or negative
direction depending on whether we are above or below the.shee

Determining the field due to two charged sheets is an exarcmgperposition Each charged
plate contributes aniform electric field at the Point P. The total field is the sum of the two fields
together, one due to the bottom sheet and one due to the tep she

E(P) = Epot(P) 4 Eyop(P)

)= (Gk) + (52 %)

where here we not that since the upper sheet is above Poirg fett is directed downward.

Continuing:
Py = (20 %) 4 (-2
260 260

APy = 3% ¢

€0

Note that both the upper sheet and the lower sheet resulontalaution to the field that is directed
in thedownward(negative k-hat) direction.

Note also that the answer to Part (a) doesdepend on and distances (such/paor does the
line of current have any impact on the electric field.

(Solution to Problem PF3 continues next page...)
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Part (b):
For Part (b) we note that the only thing that creates or inget magnetic field is the line of
current. Static charged plates, whether conducting ohaeg no impact on the magnetic field. We

know the expression for the magnetic field and the only tritiyg is working out théangential
direction in accordance with the curly-finger&ight-Hand-Rule:

é(’f‘) _ (MOLMT@) ,]"-

2rr

where7" corresponds to the tangential vector. At Point P the digtémen the wirer = 2d as can

be seen from the figure:
5 tolo '\ 4
B(P) = T
(P) (27?(2d))

And finally we use the Right-Hand-Rule to convince oursetiiesthe tangential vector field points
out of the pagecorresponding to theegative-ydirection:

- I\
B(P)=—<%) j

(Solution to Problem PF3 continues next page...)
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Part (c):

First we consider the implications of a particle moving withnstant velocity According to
Newton’s Second Lawsuch a particle must experienzero net force In this problem there are
three possible forces on the particle: (1) Electric, (2) Netge, and (3) Weight (due to gravity).
So for the particle to move in a straight line it must be trueg:th

—

Fnet - ﬁelec + ﬁmag + ﬁweight =0

Let's consider these forces in turn, using the fact that wesaly calculated the field in Parts (a)
and (b): We know that thEorce Rule for a point charge in an electric fieldis given by:

ﬁelec - QOE(P>
. 300 ~
Felec = (_QO) (_—0 k)
€o

o 3 ~
Felec = % k

€o
Likewise,we know the force rule for a point charge moving through a magetic field which
is given by:

47
= Qovottolo \ . .
mag_( 4rrd )(X])
= qovottolo &
Fopowo=|—7—7—1] k
g ( 4md )

And finally for gravity we use the old result from mechanics:

—

Fweight - —mogk

Since every force is directed in the vertical (k-hat) dil@ttwe can just add the scalar compo-
nents with the appropriate sign, set this total equal to aabsolve for:

Felecz + Fmagz + Fweightz =0

3q000 qovottodo
_ =0
( €0 )+< 4rd og
qovottodo — e — 3q000
4rrd 0d €0
( 4drd ) ( 3(]00'0)
Vo = mog —
qottolo €0

Perhaps this can be simplified a little further, but why bothe
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Problem PF4:
5.0H § 33Q § 66Q
+
12V ——
5.0Q B
A ——1.0pF
35Q

A circuit is assembled as show above. The inductor has a Valaé.0 henrys. The capacitor
has a value of 1.0 micro-farads. The values of five resisterstzown above. The circuit is attached
to a sturdy 12 volt battery as shown and then the switch idlos

Part a) What is the current through the inductormediatelafter the switch is closed? Explain
how you know this.

Part b) What is the approximate voltage measured at point B relédiymint A at a time 10
seconds after the switch is closed? Give your answer in.vékplain.

Part c) What is the approximate current through the voltage soutoenwneasured at a time
0.10 seconds after the switch is closed? Give your answenpsaExplain.
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Solution to Problem PF4

Note: | think this is the only exam problem | gave all last yearwhere a calculator
would be helpful. Perhaps such a problem will appear on this gar’s final exam as
well.

Part (a):

This is a circuit with RL and RC arms, so we are generally elipgsome kind of exponential
time dependence when the switch is thrown. When we hear thd Wwaomediately” after the
switch is closed, we think “short-time solution” regardiesd the value of the time constants. For
an inductor, this corresponds to an open switch (a gap). Eapacitor this corresponds to a closed
switch (a wire). Conceptually the re-drawn circuit lookeelithis:

330 = 660

+
12V ————

5.0Q

35Q

Current cannot flow through Arm 1, so the current through tiiictor immediately after the
switch is thrown i%Zero amps,|.

(Solution to Problem PF4 continues next page...)
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Part (b):

To consider what is happening at a timme= 10 seconds we need to ask this very important
guestion:How doest compare with the time constants associated with each arm?

Note in particular:Simply stating that “10 seconds is a long time” without actilya calcu-
lating the time constants for each arm is just wrondf you skip this step you are committing a
grave logical error. Any given time is only “long” comparexidome other time. The time between
now and lunch is either long or short compared to other tinffége span of all human history is
very very short compared to the age of even a comparativelpgatar like our Sun.

For Arm 1, the time constant is for an “RL” circuit;

L

R

Here have need to use the equivalent resistant of the twstoesiin series in Arm 1. We add
resistors in series:

T1

Ry =5 Q+35Q =400

Therefore, plugging in numbers:

__ S5Henrys 1 seconds
TT 00 T8
Thereforet >> 7, and so we are in the long-time regime for Arm 1.

For the capacitor we have a similar calculation:

To = RQC

Here have need to use the equivalent resistant of the twstoesin parallel in Arm 2. We use the

rule for resistors in parallel:

11 N 1
Ry, 330 669

1 2 1

R, 660 669
1 3
Ry, 669
1 1
Ry, 220
Ry = 220

Therefore, plugging in numbers:
5 = (22 Q)(1 x 107° Farad$ = 2.2 x 10~° seconds

Thereforet > 7 and so we are in the long-time regime for Arm 2.
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Since we can use the long-time approximates for both thecbodclosed switch) and the
capacitor (open switch) we can re-draw the circuit like:this

330 § 660
+
12y ——

5.0Q

35Q
l 2

So finally, we can get back to the question of the voltage att®relative to Point A. In order
to figure this out, we need to consider how the voltage is deterd at each of these two points:

First, we note that since the current through Arm 2 is zerergltan be no voltage drop across
either the 33 or the 66 Ohm resistors, which means that thaegebtPoint B is the same as the
voltage at the top of Arm 2 which is also the same as the volagee top of Arm 1, which ialso
the voltage at the top of the battery. This corresponds tdtag®of 12 volts relative to the bottom
of the battery, for example.

To get the voltage @oint A we notice that the structure with two resistors in series this
corresponds to &/ltage Divider” . If you have forgotten how a Voltage Divider works, you can
solve from first principles using Ohm'’s Law to calculate therent, and then working out the
voltage drop across the top resistor:

12 \olts
LT 400
I, = 0.3 Amps

Then applying Ohm'’s Law to the top resistor:

Vsa = Isq/Rsa
Vsa = (0.3 Amps)(5 Q)
Vso = 1.5 Volts

Alternatively, we can get this result by applying directigtstandard relationship for a Voltage
Divider:
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Rsa
Vs = Viat [ =20
o0 ot (Rm + R35Q)

502

Vsq = (12 Volts) (%)

Vsa = 1.5 Volts

And since the voltage drop from the top of Arm 1 to Point A is $laene thing as the voltage at
Point B with respect to Point A we can say:

VB-relative-to-A= V5o = 1.5 Volts

(Solution to Problem PF4 continues next page...)
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Part (c):

Now we are asked for the current through the battery at time0.1 seconds. This time is
certainly long compared te, = 2.2 x 10~° seconds, so we can treat the capacitor as an open
switch. However, this time isomparableto the timer; = é seconds. So we can useitherthe
short-time solutionnor the long-time solution for the inductor. Instead we must teeproper
exponential form: We have two general forms to consider using for the current:

t

X o ()

X0 i (1)

In this case, we consider that in the short-time limit wetstdath zero current through the
inductor and in the long-time limit we expect a steady-stateent to flow through the inductor.
So thesecond fornof the two equations above is the correct one to use:

=1, [1-ow (L)

The only term we have not worked out I corresponding to the steady state current through
Arm 1. We already calculated this for Part (b) using Ohm’s Law

OR

I+ = I,(steady-state= A
Ry
12 \Volts
T 400
Iy = 0.3 Amps

Note also that since there is no current through Arm 2, theehais in series with Arm 2 and
therefore the current through the battery is in equal to threeat through Arm 2:

Iyt (t = 0.1seq = I(t = 0.1 seq

[ t
=1I;|1—exp (——)]
L 1

[ 0.1 second
= (0.3 Amps) |1 — _
( Ps) I P ( % secondsﬂ

= (0.3 Amps) [1 — exp (—0.8)]
= (0.3 Amps)(1 — 0.449)
= (0.3 Amps)(0.551)
\Ibat = 0.165 Amps\

Plugging in numbers:




P122 Practice Problems PF1 to PF6 with Solutions page 22 of 29

Problem PF5: Optics

thin lens thin lens

Two thin lenses are positioned as shown above. The distatageen the two lenses is given
asD. The left lens isconcaveand the right lens isonvex Each lens has the same given focal
length f. You also know thaD is precisely twice the focal length Primary and secondary focal
points are drawn to scale above.

In this problem thdeft lens creates an image of thight lens, and theight lens creates an
image of thdeft lens.

Part (a) — Determine the position of each of the two images using the éguation.

Part (b) — Verify your result to part (a) by using ray tracing for atdetwo principle rays for each
image.

Part (c) — Also calculate the magnification for each image, and fohed¢he two images, deter-
mine if the image igeal or virtual and whether or not the imageirsverted Explain your work
here.
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Solution to Problem PF5

Part (a): The lens equation says:

1 1 1

s s f

wheres is the coordinate of the objedct, is the coordinate of the image arfds the focal length.

Let start by considering the image of tbencavelens that is made by trmnvexlens. In other
words the ‘object’ is the lens on the left. We see from the ggilmats = D. We write down the
lens equation and solve fef:

D s DJ2
Algebra:

s'=D=2f

The coordinate of the image positivecorresponding to the far side of the convex lens (outgoing)
which is this case corresponds to a position tq thght| of the convex lens.

Next, to calculate the position of the image of twvexlens formed by theoncavelens we
note again that = D but now since we have a diverging lens, the focal length isiegy

11 1
D+s’_?
1 1 1
DTy Dp
1 2 1
s D D
1 3
s D
, D 3
T3 T3

Sinces’ is negative, so we expect to find the image on the we expectddlimimage on the
nearside (incoming) of the concave lens corresponding to a iposid the of the concave
lens.

(Solution to Problem PF5 continues next page...)
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Part (b):
We can confirm our results from Part (a) with ray tracing. Fseitee first case where the object
is theconcavelens and theonvexlens is creating the image:

thin lens

thin lens

| ‘l
|

! §'=D=2f

To emphasize the fact that the concave lens i®thect we have drawn a red arrow on the top

side. This will help us later with understanding preciselyene the image is, also. Note that to
create an image we pick the “top point” of the object (condaws) and draw three principle rays

drawn above as indicated:

1. A ray that travels from the object in the direction of thesaof the system which is then
refracted at the convex lens toward faefocal pointP,

2. Aray that travels from the object straight toward the eenf the convex lens (this ray is not
refracted).

3. Aray that travels toward theearfocal point, emerging from the convex lens in a line parallel
to the axis of the system.

All of these rays intersect at one point, allowing up to ledéeimageas shown (blue dashed)
at a distancé = 2f from the convex lens, as expected.

(Solution to Problem PF5 part (b) continues next page...)



P122 Practice Problems PF1 to PF6 with Solutions page 25 of 29

Here’s the second case where the object istreexlens and theoncavelens is creating the
image:

thin lens thin lens

s'= -2f/3

Again, draw a red arrow to emphasize the fact that nowctrerexlens is the object. we pick
the “top point” of the object (convex lens) and draw thre@giple rays drawn above as indicated.
Solid lines correspond to real light rays, while dasheddiocerrespond to extension of these rays
through the optics. Note that the third ray is quite trickg @o is described with yellow and pink
lines as discussed below to avoid confusion with the othere(g) rays.

1. A ray that travels from the object in the direction of thesaof the system which is then
refracted at the concave lens to a path that p@wzsy from the neafocal pointP. The solid
green line here represents the actual path of the light rag. dshed green line represents
theapparentpath of the ray from the (virtual) image.

2. Aray that travels from the object straight toward the eeof the concave lens (this ray is
not refracted). For this one ray, both the real and appaiesdttbns of the ray are the same
at every point.

3. Aray that travels toward tHar focal point, emerging from the concave lens in a line paralle
to the axis of the system (This rays follows the reverse pathpmarallel ray into the other
side of the lens). The dashed pink line represents the pathtta ray would have taken if
it had not been refracted by the lens. The solid yellow lingesents the actual path of the
ray. The dashed yellow line represents dipparentpath of the ray from the (virtual) image.

All of these rays (as seen from the far side of the concave l@mgarentlyintersect at one
point, allowing up to locate themageas shown (blue) at a distanse= —% = —% from the

concave lens, as expected.

(Solution to Problem PF5 continues next page...)
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Part (c):
In general the magnification is given by the ratio:

S/

M==
S
For the first case where the object is the concave lens andnidgei is created by the convex

lens, we get:

This matches what we see in the ray trace. We also not thesérhie is qreal andinverted
image because the rays are really present at the image aaddee@ys from the top of the object
end up at the bottom of the image.

For the second case where the object is the convex lens amddge is created by the concave
lens, we get:

s D/3 1
M = —= — = —

S D 3
This matches what we see in the ray trace. We also not these ithage is a
\virtual andnot inverted image because the rays ordppear to be originating from the image

and because rays from the top of the object end up (appearagive from) the top of the image.
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Problem PF6: Maxwell's Revenge

Suppose an electric potential function is defined within s@rbitrary region as a position of
both time and space in accordance with the following parapation:

Viz,y,z,t) = Aazyz26_(%) + Bzt~ 4+ C' cos(wt)

Here, A, B, C, a, T andw are given positive constants with the appropriate units.

Part (a) Determine the Electric Field as a function of position anak&ti Explain how you got your
answer. Hint: Don't forget, the electric field isvactor.

Part (b) Suppose we definelaop which is a flat square that bounds a unit area on the x-y plane.
The four corners of the square in Cartesian coordinéteg, z) are therefor€0,0,0), (1,0,0),
(1,1,0), and(0, 1,0). In terms of the given parameters, what is gah integralof the magnetic
field integrated around this loop? Explain your answer.
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Solution to Problem PF6:
We start with the definition of the electric potential:

V(z,y,2,t) = Axyfe—(%) + Bzt~ 4 C cos(wt)
To find the electric field from this potential, we calculate ¢nadient:

ﬁ = 53 + ‘g + "g
- Ox Jay 152
Note that in all of this, we treat the timeas a arbitrary parameter that doest depends on
position.

We note that the first term includes y, andz. The second term only depends om@nd the
third term does not depend on any of these. Applying the d#viy operator:

E=-VV =1 [—AyzQe_(%)] +7J [—szQe_(%)} + k [—QA:Eyze_(%) — Bt™@

Note in particular that the term in the potential with the flioeent C' has no impact on the
electric field because this term is “constant with position”

Now we consider the path integral around a look in the x-y @l@requal zero) as shown:

y
A

0,1) (1.1)

\J
x

(0,0 (1.0)

We are asked to calculate the magnetic field around this léadirst blush, this seems im-
possible as we are given no specification for the magnetid. fiBut we can take advantage of
Maxwell's Extension to Ampere’s Law: as follows:

B-dl= MHo€o———
/closedloop dt
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So we carchangethe problem of calculating jpath integralinto a new problem of calculating
a surface flux Since the surface is flat on the x-y plane, then only the comapbof the field
aligned with thek vector contributes to the flux. Furthermore, since we arbénxty planez = 0
and the first term that contributes to tkecomponent goes to zero. In fact, we see that the flux
through the square is spatially uniform:

bp=-—Bt™®
The time derivative is easy:
ddg
— Bt—(a+1)
dt

And so the path integral then is:

—

/ B-di = ,uoeoaBt*(aH)
closedloop

-

Caveat: The above calculation assumes that the current densityifumé(7, t) is zero every-
where so that there is no net current going through the lodpcfwaccording to Ampere’s Law
will also contribute to the path integral). In fact, such &swamption is may be inconsistent with
with our rather unusual form of the potential function.



