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Part (a)
We are given the charge distribution function as:

z
=
wherep, represents a positive constant volume charge densitygehmer unit volume). In other
words,rhoy is a constant that already has units of charge density, whishat we want fop(z).
This means that the ratig must beunit-less and therefore the constaiAt must be the same units

as the cartesian coordinateln other words|, X’ must be dength ‘

p(z) = po

Part (b)
Our approach will be as follows:

e We will use Gauss’ Law together with the symmetry of the cbatgnsity to determine the
electric field everywhere as a functionof

o We will use the definition of the electric potential to det@renthe voltage given the electric
field.

First, let’s get the field from the charge using Gauss’ Law. d&&nez = 0 as the axis of
symmetry and apply &aussian pillbox as our closed Gaussian Surface:

/ E’ dﬁ - Qenclosed
pillbox

€0

We know from the symmetry that the flux on the left hand sideeiednined by the area of the
endcaps times the field at any given position (since the sitlewontribute zero to the flux):

/ Fdd = 248(2)
pillbox
Therefore:

Qenclosed
E(Z) B 21460

We note here that since we have planar symmetry, the fielceiméigative region is the same
as the positive one only in the opposite direction.

Now we need to calculate the total enclosed charge. We dasimg the standard method of
integral calculus applies to Pillbox:



Physics 122 Practice Problem of the Day #22: SOLUTION page 2 of 5

p(z)
fm o _ _ a4
| |
\L | |
F=-ZZC-=
dT¢T::: ::#
|
I rz’ :
Z:O' """" 1- -~~~ - """I """"
I I
| I
I :
I |
| |
: L 1
« Ry

—_ e = == =

We to get the total enclosed charge we integrate the diffleatinarge element associated with
a small “coin” of charge of ared and thicknesg:’ as follows:

Qenclosed: /dQ

Qenclosed - / p(2,> dvl

wheredV' is the differential volume of the little coin, correspongito the area times the thickness:
av'=AdZ.

/

Qenclosed:/ : p(Z,>A dzl

We also take advantage of the symmetry to argue that thectmiadje enclosed is twice the charge
enclosed in the positive region only:

/

Qenclosed = 2/ P(Z/)A dZ/

/:0

/

2=z S
Qenclosed =2 /Z/:O £o (E) AdY

where we ignore the “absolute value” bars because we are molirvg only in thez > 0 region:

2ppA [
Qenclosed = ﬁ;z. Z/ dZ,

2'=0
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Qenclosed = K 9
200A [ 22
Qenclosed - Al <_)

Qenclosed =

Therefore:

poAz?
pior= G

_ POZ2
2K€0

1)

Now we need to get the voltage. To do this we needahaoose an appropriate zero-point
reference corresponding to zero volts. In this problem,neiral place to do this is to assign
Vier = 0 atz..5 = 0. We write down the voltage equation then:

2=z

V(2) = Vief(Zrer) = —/ E(Z")d7

y—
Z'=zpef

V(z)—0=— / T B()d

=0
Here we have already taken advantage of the 1-D aspect ofdbé&m.

2=z 2

Po< /

Viz) = —/ dz
( ) Z/ZO 2K€0

V(z) = —2?60 / 22dY

2'=0
v0=aia ),
Viz) = _2lp(060 (%3)
Ve =~

Part (c)

To get the magnitude and direction of the electric field, waathe gradient oper ator:
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E(7) = —VV(F)

where
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Therefore:
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Since the voltage depends only on the z-coordinate, we gari/g&) = V'(z) so that%—‘; =0
and?V = 0.
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We see that Equation (1) and Equation (2) match each othetpasted.

E(z) =

To get the charge density function we again use Gauss’ Law:

FlUX _ 2AE(Z) _ Qenclosed

€0

We re-arrange to get at density function:
Qenclosed == 2A60E(2)

/ 40 = 24 ()

/p(z)dV = 2Ae E(2)

Now we take advantage of symmetry argument:

/

2/ . p(2AdZ = 2AeE(2)

/ T p) d = B (2)

z'=z 2
/ d r_ Po<
/z/o p(2') dZ' = € (2K60
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/

2=z 2

Poz

/ d l: 7o~
/Z,ZO p(2) dz (2K)

Now we take advantage of the calculus rule that says that ¢heative of an integral of a
function is just that function:

i Tr =X

dx /=0

Therefore, we apply this identity after taking the derivatof boths sides of the previous
equation:

plz) = B2
p(2) = po (=)

Just as we expect!

Part (d)
| The “student” is wrond Gauss’ Law says:

/ E’ df_f o Qenclosed
closedsur face €0

Since the charge distribution functign is always positive for any value of: then it must be
true that the enclosed chargealsvays positive.

This means that bsauss' Law the flux through the surface must blevays positive for end-
caps at any value of.

Flux positive means that the field lines go fronside to outside. That is radially away from
z=0.

Moving any test charge in the same direction as the field lirams moving in the direction
of the electric force, and therefore doing positive work.isTimeans that the potential energy is
decreasing and therefore the voltage mugi down as a function of distance. Indeed, our solution
shows that voltage is a negative number times a powersaf this means that with increasing
voltage indeed decreases.

The reason that the student is wrong is because the stuadgatd@bout the symmetry that is
imposed on the problem. Yes, there is increasing positiaegehas we moving upward along the
positive z-axis. But there is also increasing positive ghaas we move in the negative direction.
Since there is a one-to-one correspondence between the@abiarges on one size and the posi-
tive charges on the other the two effects cancel. The onin-tancelling” charge is that “block”
of charge within the range -z to +z which always gives rise f@la that points away from the
z-axis.



