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Solution to Practice Problem of the Day #18:

We are given this circuit with specific values for voltage aesistance:

1oV | + ; 200K Ohm
— 100 nF
—— 200 nF
\ 40 nF 90 nF 70 nF

To simplify our calculations and to avoid having to drag ax@units in our algebra, we convert
the entire circuit to a simplified symbolic representatisrsaown:

v oo+ R
C,=10C
. 0
L c,=20cC,
\ C,=4G
C,=9G C,=7¢,

Part (a): First, let's make clear from the onsttat the charge-up time-constant is the same
for all five capacitors in this problem. In other words, the time constant that applies to charging
up C is the same as the time constant for charging’yp This is because the current into the
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capacitor network iswot governed by the capacitors. Rath#re current is governed by the
resistor. In particular the current through the resistor will be prdfal to the voltage drop across
the resistor. Yes, that voltage drop depends on the voltegeatross the capacitor network, and
so the capacitors do impact the time constant. But they itrthadime constant as a network.

What this means is that (proportionally) all of the capasitwill charge upogether as a result
of charge being putto one end of the network and simultaneously tagetof the network on the
other end. In other words, and any given time after the switclosed we expect the ratio,,/C,,
to be a constant for any two of the five capacitors “n” and “nif tl{is is not clear, we will show
how this works exactly when we calculate the charges on eaglncpart (b).

So there is only one time constant for the whole circuit afché a value = RC,, whereC,,
is theequivalent resistanceof the capacitor network.

We calculate the equivalent capacitance step-wise,sgantith the three capacitors in parallel.
We can replace these using the rule that says in parallel add

Cp = Cg + 04 + 05
C, = 4Cy + 9Cy + 7C,
Cp = 2000

Now we have three caps in series:

L c=10C
— C2:20C0
\ L C =20C,

We use the rule that sagaps in series divide:

NS S S
C., 10C, 20C,  20C,
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1 2 1 1
Cos 200, T 200 ' 200,
1 1
C.a  20C,
11
Ceq 5Co
Cy = 5Co

Now we can calculate the time constant in terms of our syrob@lriables:

T = RC,,
T = R(5Co)
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And we can plug in numbers as well, wheke= 200K ohms =200 x 10? ohms =2 x 10°> ohms,

and where”, = 10 nanofarads 20~® farads:

7 = 5(2 x 10° ohmg(10~® faradg

|7 = 0.01 second$
So we come to equilibrium in a fraction of a second.

Part (b):

To get the charges and the voltages we work the reverse ofwhdid to get the equivalent

capacitance. First we consider the three capacitors iessagain. Because the capacitors are in

series, the charge on each capacitor must be the same(yaluany time — including when we get

to equilibrium. Here is what it look like with the charges aarch cap:

R

el Cc =10C
el c =20cC,

ol c =20cC,
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To get the voltages and the charges we apfptghoff’'s Voltage Law and note the following
must be true:

In other words, when we go around our KVL loop and we go intcac#ipr on the “+Q” side
and out the “-Q” side we drop the voltage given By = @)/C. Note that the drop accross the
resistor is zero because we are in equilibrium — no currenvoftage (Ohm’s Law).

So we need to solve f@p. Some algebra:

Hey, we know this already:

1
°(e) v

Q - C1eq‘/

This is a result which make intuitive sense if you think abibuin terms of symbolic variables
then:

‘Q1 =Q2=Q=5COV‘

Plugging in numbers:

Q = (5 x 107® faradg (12 volts)
Q = 6 x 107" coulombs
|Q = Q1 = Q2 = 600 nanocoulombs

Now to get the voltages we just use the voltage rule:
_

C1
_ 5CV
100,

Vi

1

1
Vi = 5V = 6 volts

Likewise:

Q2

Vo = ==

2 02
5C,V
V2= 20C,

1
Vo = ZV = 3 volts
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Since (3, Cy, and (5 are in parallel, they each experience the same voltage thetptiie
equivalent capacitaf’, would experience:

Qp
Va=Vi=Vs=V,=
3 4 — V5 — Cp
5CoV
Bs=V=h=h=5q

Va=Vy,=Vs =V, _—V_Svolts

Finally, we note that since the three capacitors are in |ghrtle charge that would corre-
spond to the equivalent capacitarCgis divided among the three capacitors in proportion to the

capacitance:
C
- (&)e
4C
@5 = <2000) @
Q3 = ng
1
Qg - —(5COV)
| Qs = CoV = 120 nanocoulombs
Likewise: o
- ()
9CH
@a= (2000) @
9
Q4 - Q_OQP
Q—gwcw
BT
9
Q4 = (Z) CoV = 270 nanocoulombg
And finally:

_ 05
Q05 — (5) Q,

[ 7C,
Q5 - (2000) Qp
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7
QS = %Qp
7

Qs =55

(5CoV)

[

7
Qs = <Z) C,V = 210 nanocoulomb

Again, now that we have explicitly calculated the charge achecapacitor, it is clear that the
charge on each of the five capacitors is always proportiantdde charge) corresponding to the
charge put in and taken out.



