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Solution to Practice Problem of the Day #12:

Part (a):

Since the density igniformwe can just calculate this directly by dividing the total @eaby
the total volume:

_ totalcharge (@

plr < R) = total volume AT R
3Qo
R) —
p(r < R) PR

Part (b):

To get the total charged enclosed within a sphere of radiue note again that this is just the
volume within this radius times the density which we calteilia Part (a). Alternatively, we can
argue that the total charge within a sphere of radiissjust the total chargé, times the fraction
of the total sphere volume enclosed at radiug/e get the same answer either way:

Qenclosea(r) = (charge densityfvolume enclosed

4 3
Qenclosed(r) = (4?;-%)3) < 7;T )
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7"3

Qenclose(r> - QO (ﬁ)

Part (c):

For this part we applysauss Law:

CDE _ Qenclosed
€o

/ E’ . df_f _ Qenclosed

€0

losed surface

We consider the left-hand side first. This is flex through a close@aussian surfac&vith
appropriate symmetry.

Since the charge distribution hgsherical symmetry, we expect the electric field to depend
only on the radius.

E(7) = E(r) = E(r)?

In other words, at at any given valuexfwe can assume that the electric field has a particular
magnitude and points outward from the center. This simplifiee surface integral calculation
significantly:

By — / E(r)f] - dA
sur face

Since? and dA point parallel to each other at every point on the Gaussiafacse; the dot
product gives us a scalar that is now a simply multiplicabbthe amplitudes:

sur face

And we can pull outF(r) since this is constant at a given

sur face

And the integral of the differential aredA over a surface is just the surface area, which we
know is4xr? for a sphere:

Op = E(r)(4nr?)
So we put this into Gauss’ Law and then we say for any sphesycametry we can write:

E(’f‘) _ ( 1 ) Qenclosed

41eg r2
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It’s worth mentioning that the steps above for Part (b) would be the same for any charge
distribution with spherical symmetry.

Now we can look at the details of the charge distribution. réhere two regions which for
clarity we will define as follows:

e Regionl:r < R,
e Regionll:r > R,

For each of these we draw a spherical Gaussian surface agminile the charge enclosed:

e Region |: Forr < R we need an expression for the total charge enclosed wittadiasr.
Happily we already calculated this in Part (b):

7,3
Qfenclosed (7“) = Qo (ﬁ)

Once we have the enclosed charge, we agayss Law:

Ei(r) :< L )Qfmsed(r)

47eq r2

501~ (325 (@7)

1 r
EI(T) B (477'60) Oﬁ

_ Qor
4meqR3

We note that the field falinearly with distance then. Kind of interesting.
e Region Il: Forr > R We now enclose the entire charge of the sphere which ig]jyist

Qllenclosed (/r.) - QO

Once we have the enclosed charge, we agayss Law:

1 QII(”’I(' ose (,r‘)
Bu(r) = (471’60) 4 74"12‘ §

4meq
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Qo

En(r) = 4rregr?

This is precisely the same field as for a point chaggevhich is just what we expect.

Part (d):
Once we have the electric field, all we need to do is the pa#grat:

—

T

AV =V(R) = Vi) == [ E(v)-as

Tref

HereV is the electric potential (also called voltagg),; is the reference position antis the
position where we are trying to evaluate the voltage witpeesto the reference.

In this problem, the electric field is radial and depends only. So the dot product simplifies
and the path integral is just a regular 1-D integral:

AV =V (r) = V(rwef) = —/ E(r")dr!
Tref

Note the critical importance of distinguishing between the variable of position r, and the
variable of integration »’. We want to define the voltage as a function of positionBut to
determine the voltage at positionwe need to integrate the electric field from some reference
positionr,.; to r. To avoid confusion, we clearly label the variable of intgm . We know
we have done things correctly when in the end, all ofithare gone, and we are only left with
functions ofr.

In this problem, we have selected the reference point athehpoint at infinityr = +o0o and
we want to evaluate the voltage everywhere else. To do thisasd to integrateegion-by-region
starting from the reference point.

For starters, we deal witRegion |l which is the first region we move through starting from
the reference zero point at infinity:

Vir(r) — V(o0) = - / B

‘/[[(7") — O = —/ E[[(T/)dT,
r'=+00

’

‘/]](’f‘) = —/ E]](T’)d?“/

/=400

Now we plug in the expression electric field:

!

B r'=r QO )
Virlr) = /T,Jroo (47T60r’2 ar
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Qo ri=r
‘/II(T) = (47’('607"/ =100

In other words, just as we expect, in Region Il, the voltagéfadi as 1/r since the field looks
like the field from a point source.

To get the voltage ifRegion | we need to integrate the electric field in this region, irdtiggy
fromr = R tor’ = r. The voltage at the surface of the sphere effective comssita new
“reference” point — not the zero point, but rather the paiatf which we can integrate a particular
function. Since the voltage function must be continuousugethe value at the boundary that is
determined from the definition of the voltage in Region .

’

Vi(r) = Vi (R) = — /;RT E;(r')dr'
Vi(r) = Vig(R) — / :R B ()’

o QO e / /
Vi(r) = (47reoR) —/T/R Er(r')dr

Next we solve the integral, using the results from Part (c)fe R:
o (i) - [ (i)
Vilr) = (47223) N (86732:;3)
Vilr) = <47§2R) N <87?:0T12%3) * <8§2£3)
Vilr) = (47223) * (sizﬁ;) N (8§£0r}223)
Or if you prefer a slightly more symmetrical forms:
it () ~ (e

Vi(r) = <87300R3) (3R% —r?)

r'=r

r'=R




