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Solution to Practice Problem of the Day #11.

The goal here is to directly integrate the differential fafiCoulomb’s Law:
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There are three steps to take before we even consider agphgrintegral sign:

where

dE =

e Step 1: We need to “reparameterize” the differentigl
e Step 2: We need to deal with the radius terrth
e Step 3: We need to deal with the unit vector

Only after we have done these things can we actually staaictde the integral itself.

Step 1: In general for a 3-D distribution we need to specify the défeial charge in terms of
a volume element in three physical coordinates. For exarniple were given a solid shape with
a unform volume charge densitjthen we could say:

dg=pdxdydz

However, in this problem we do not have a volume, we have & ‘ihcharge”. That is to say,
we have a thin line of charge that has a uniform charge defsiiys Coulombs per meter). Since
we have a “1-D” line of charge, we only need to specify theadtdhtial charge in terms of this one
coordinate

dqg = Ao ds

whereds is a differential step along the coordinate of the charge. lffor this particular problem
the charge line is aligned with the “x” coordinate sf3:= dx. Therefore:

dq = \odzx
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Step 2: Now we need to deal with the radius. Specifically, if we cadl thistance from the line
D then the length of is not constant as we move along x. In particular, we see heméetis a
“right triangle” so we use the Pythagorean Theorem above:

P2 = D? 4 2

Step 3. As can be seen in the figure above, the mirror symmetry of tlaegehdistribution
provides a handy way to simplify our consideration of théelént components af. Specifically,
we can see that for every piece of charge on the left side-ef0, there is a equal piece of charge
on the right side. Each charge bit contributes a differéfdi@e pointed radially at the point. The
total field at the point is the vector sum of the field from theteharge bits. We see that the
horizontal components of the summed fields cancel, leavirg the “vertical” component. In
other words only the component in the y-direction. So we odgd evaluaté ,. We can also
see from the figure that this component is given by:

For this solution | use capital®” instead of lower-cased"” to avoid possible confusion with the “derivative”
symbol.
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dE, = dE - cos(¢)

Putting all three steps together, we have:

1 Aod
by = (471’60) (x2 j— 22) cos(¢)

Finally, we are ready to to integrate this:

+oo 1 Aodx
Ey = /OO <47r60) (wQ +D2) cos(¢)

Any standard method of integration is acceptable. Anndyjngdepends on and vice versa,
so you need to convert to do the integral in one or the otherduoate. Also annoying is the
fact that the integrand runs from negative to positive infinity, which is “inconvent” when it
comes to doing algebra. Still, there are several ways tov&Sdhis integral by parameterizing the
integrand in terms of either or ¢. But solving this integral is not physics — it's calculus. refe
my solution, using a trig substitution to parameterize imigof¢ only:

e We recognize that we are integrating an “even” function. tTitdo say, the integral from
negative to positive infinity is twice the value from 0 to go& infinity since the function is
a “mirror image” aboutr = 0. So:

. Feo 2 AodI
Ey = /0 (471’60) (x2 + D2) cos(¢)

e We do a “trig substitution” to do this integral. We changenfra linear integrandd) to an
angular integrandip):

x = Dtan(9)

dx = D(sec ¢)*d¢

We plug this in, and adjust the integral which used to run from 0 to x = +o0o and which
now runs fromp = 0 to ¢ = 4*.

Pulling out some constants:

= () [ o] oo

Multiply the fraction inside the integral top and bottom faysg)?:

™

B (4722)01?) / 5 [(sin ¢>2C—lf<cos ¢>2} ost)
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Make use the the trig identity that says sine-squared plameesquared is always equal to

2 L
Ey = <47T€0_D)/0 COb(¢)d¢

Wow, now this is aeally easy integral:

one:

Q.E.D. (Quite Easily Done.)



